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Urn with 10.000 balls. Draw 100, find 70 white balls and 30 black

Best guess for the composition of the urn? How reliable? Probability 

that it has 6000 white- 4000 black?

Infer a hidden rule, or hidden variables, from data.
Restricted sense : find parameters of a probability distribution

If only black and white balls , with fraction      of white, 

probability to pick-up 70 white balls is 

x✓
100

70

◆
x70(1� x)30

Log likelihood of     :x L(x) = 70 log x+ 30 log(1� x)

Maximum at x⇤ = .7 Probability of .6 : eL(.6)�L(.7)

StatisticsWhat is inference?



Bayesian inference

Unknown parameters x

Measurements y
Prior P (x)

Likelihood P (y|x)

Posterior P (x|y) = P (y|x)P (x)

P (y)
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Bayesian inference

Unknown parameters x

Measurements y
Prior P (x)

Likelihood P (y|x)

Posterior P (x|y) = P (y|x)P (x)

P (y)

E.g. error correcting codes
x

<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit>

y
<latexit sha1_base64="mtMEcXb5Eom2nn0soJDduNt8krQ="></latexit>

P (y|x)
<latexit sha1_base64="vPzKBWLXQnCXH/icKCP3GgOH+tY="></latexit>

P (x)
<latexit sha1_base64="3ER+Ct6ZK0YYQ8qRHhjgalaaWcw="></latexit>

reconstructed message

received message

transmission channel

codebook



P (x1, . . . , xN |y1, . . . , yN ) =
1

Z

Y

i

�i(xi|yi)
Y
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X

i2�a

xi = 0 (mod 2)

!
i

�a

a

Decoding as an inference problem

received

A priori knowledge 
of the channel

Parity check 
constraints

P (y|x)
<latexit sha1_base64="vPzKBWLXQnCXH/icKCP3GgOH+tY="></latexit>

P (x)
<latexit sha1_base64="3ER+Ct6ZK0YYQ8qRHhjgalaaWcw="></latexit>



Statistical inference: general scheme
Challenge = rules with many hidden parameters. eg : 
machine learning with large machine and big data, decoding 
in communication,…
x = (x1, . . . , xN ) N � 1

Many measurements y = (y1, . . . , yM ) M � 1

Measure of the amount of data ↵ = M/N

Prediction on the quality of inference, on the 

performance of the algorithms, on the type of situations 

where they can be applied

Algorithms



First example : Compressed sensing

How to acquire the image directly in the compressed form? 
Applications in MRI, tomography, etc.

From 65.536  wavelet coefficients, keep 25.000

(From Candes-Wakin) 



The simplest compressed-sensing problem: 
reconstruct a signal from linear measurements

Consider a system of linear measurements

y = Fx

y =

0

BB@

y1

.

.
yM

1

CCA

x =

0

BBBBBB@

x1

.

.

.

.
xN

1

CCCCCCA

F = M ⇥N matrix

Signal
MeasurementsMeasurements

(e.g. wavelet 
components)

Pb: Find x when M < N and x is sparse



The problem: 

y = Fx

and   is sparse, i.e.  it has
6= 0R

R < M < N

y = Fs
components 

is observed, y F is known.  Find s

Study the linear system

=y F
x

s



The problem: 

y = Fx

and   is sparse, i.e.  it has
6= 0R

R < M < N

y = Fs
components 

is observed, y F is known.  Find s

Study the linear system

=y F
x

Exploit the sparsity of 
the original s

s



The problem: and   is sparse 
6= 0R

A ‘simple’ solution: guess the positions 
where           and check if it is correct

x1, . . . , xR 6= 0

G = R{ }first columns of F

}R

=y F
x

G

Solve : yµ =
RX

i=1

Gµixi µ = 1, . . . ,M

y = Fs s
components 

y = FxStudy the linear system

xi 6= 0

e.g.
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generically inconsistent (no solution), except if 
the guess of locations of         was correctxi 6= 0

R < M



The problem: and   is sparse 
6= 0R

A ‘simple’ solution: guess the positions 
where           and check if it is correct

x1, . . . , xR 6= 0

G = R{ }first columns of F

}R

=y F
x

G

Solve : yµ =
RX

i=1

Gµixi µ = 1, . . . ,M

too many equations 

generically inconsistent (no solution), except if 
the guess of locations of         was correctxi 6= 0

y = Fs s
components 

y = FxStudy the linear system

xi 6= 0

e.g.

possible guesses
✓

N
R

◆

R < M



y = Fx
Find a    - component vector      such that the       
equations                are satisfied and        is minimal

N x M

||x||

Phase diagram
N � 1

M = �N

R = �N

variables

equations
non-zero variables

«Thermodynamic limit»

 Solvable by enumeration when ↵ > ⇢ but O(eN )

norm approach`1

 AMP = Bayesian approach + cavity mean-field equations

P (x) =
NY

i=1

[(1� ⇥)�(xi) + ⇥⇤(xi)]
PY

µ=1

�

 
yµ �

X

i

Fµixi

!

1



xi

Fµi

: iid, known Fµi

Spin glass with multispin 
interactions, infinite range: write 
mean field equations. 

Mézard 1989, Opper Winther 96, Kabashima 2003, 2008 , Donoho Maleki 
Montanari 2009,  Rangan+ 2011,  Krzakala+ 2012, …     

mµ!i(xi)
<latexit sha1_base64="NqZfBjM2JjhmW8jzADiDtjNp2e8="></latexit>

mi!µ(xi)
<latexit sha1_base64="hOuJI09BqEDTD0LikPRMphaR2AA="></latexit>Messages:

Becomes Gaussian in the thermodynamic limit

P (x) =
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[(1� ⇥)�(xi) + ⇥⇤(xi)]
PY
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P0(xi)
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ai!µ =

Z
dxi xi mi!µ(xi)

vi!µ =

Z
dxi x

2
i mi!µ(xi)� a2i!µ

mµ!i(xi) =
1

Z̃µ!i
e�

x2
i
2 Aµ!i+Bµ!ixi

mi!µ(xi) =
1

Z̃i!µ
[(1� ⇥)�(xi) + ⇥⇤(xi)] e

� x2
i
2

P
� 6=µ A�!i+xi

P
� 6=µ B�!i

BP equations



ai!µ =

Z
dxi xi mi!µ(xi)

vi!µ =

Z
dxi x

2
i mi!µ(xi)� a2i!µ

mµ!i(xi) =
1

Z̃µ!i
e�

x2
i
2 Aµ!i+Bµ!ixi

mi!µ(xi) =
1

Z̃i!µ
[(1� ⇥)�(xi) + ⇥⇤(xi)] e

� x2
i
2

P
� 6=µ A�!i+xi

P
� 6=µ B�!i

BP equations

Four «messages» sent along each edge i� µ

4NM(          numbers ) can be simplified to        parametersO(N)



ai!µ =

Z
dxi xi mi!µ(xi)

vi!µ =

Z
dxi x

2
i mi!µ(xi)� a2i!µ

TAP equations

ai =

Z
dxi mi(xi)xi = hxii

<latexit sha1_base64="brRoniiUbH1MZyY0k/sWB2mpJTk="></latexit>

vi =

Z
dxi mi(xi)x

2
i � a2i = hx2

i i � a2i
<latexit sha1_base64="RsID24BiwSCYVFUgbyc/1N5DW6M="></latexit>

From « cavity  messages »

To full local distribution

TAP = coupled equations between the 2N variables ai, vi
<latexit sha1_base64="h3c0okJ2/lAVd1ForSQkRdf50zs="></latexit>

Iteration              algorithm : GAMP

Statistical study            phase diagram         

Statistical study            phase diagram  and control of the algorithm       



Cavity method shows that the order parameters 
of the BP iteration fl ow according to the gradient of 
the replica free entropy    («density evolution» eqns)�

Analytic study

Replica method allows to compute the «free entropy»

�(D) = lim
N!1

1

N
logP (D)

D =
1

N

X

i

(xi � si)
2

P (D)where         is the probability that reconstructed     is
at distance      from original signal   .    

x

D s

analytic control of the BP equations

NB rigorous: Bayati Montanari, Lelarge Montanari

P (x) =
NY

i=1

[(1� ⇥)�(xi) + ⇥⇤(xi)]
PY

µ=1

�
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X
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Fµixi
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When      is too small,  BP is trapped in a glass phase↵

BP convergence time
�0 = .4

Dynamic glass transition

⇠ logP (D)
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NB comparison of theory (replica, cavity, 
density evolution) and numerical experiment



Phase diagram for compressed sensing

L1
<latexit sha1_base64="EHUqaKaL3VOofsJ85cxAMYE115Y="></latexit> Find a    - component vector      such that the       equations

are satisfied and             is minimal
N
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x
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||x||1
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BP Bayesian approach: max of              studied by BP  P (x|y)
<latexit sha1_base64="j6oE+wBTZrUuWccZQLBQLljXh4c="></latexit>

Ensemble: iid elements of F ⇠ N (0, 1/N)
<latexit sha1_base64="1Pfqolyos3YQYy2nyXV4TyCXBUg="></latexit>
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Analysis of random instances : phase 
transitions

(real) variables,       measurements (linear functions)N M

Analysis of random instances : phase transitions
Reconstruction of signal using BP. Fixed    ,  increase    ⇢ ↵

EasyHardImpossible

Algorithmic 
threshold

Ultimate 
(information 
theoretic) 
threshold

↵
<latexit sha1_base64="T0/Kj4JpQEJl2J33fTtGu3OyJ5Q="></latexit>



Easy

Crystal

Belief 
Propagation

Impossible

Many « crystals »

Not enough 
measurements

E E
Many glass 
states

Hard

Crystal

«Seeded » BP

E

Dynamical phase transition. Ubiquitous in statistical 
inference. Conjecture « All local algorithms freeze »… 
How universal?

↵
<latexit sha1_base64="T0/Kj4JpQEJl2J33fTtGu3OyJ5Q="></latexit>



Design the matrix F so that one nucleates the naive 
state (crystal nucleation idea, 
...borrowed from error correcting codes : « spatial 
coupling »)

Getting around the glass trap

Felström-Zigangirov, 
Kudekar Richardson Urbanke,
Hassani Macris Urbanke,
...

«Seeded BP»



Nucleation and seeding



Nucleation and seeding
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: unit coupling

: no coupling (null elements)

: coupling J1
: coupling J2
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0
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1

CCCCCCCCCCCCA
Structured 
measurement matrix. 
Variances of the 
matrix elements

Fµi = independent random Gaussian variables, 
zero mean and variance Jb(µ)b(i)/N
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L = 8

Ni = N/L

Mi = �iN/L

�1 > �BP

�j = �0 < �BP j � 2

� =
1

L
(�1 + (L� 1)�0)

Block 1 has a large value of 
M such that the solution arise 
in this block...

... and then propagate in the 
whole system!

s
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Performance of the probabilistic 
approach + message passing + 

parameter learning+ seeding matrix

Z =

Z NY

j=1

dxj
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i=1

[(1� ⇥)�(xi) + ⇥⇤(xi)]
MY

µ=1
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!

‣Simulations
‣Analytic approaches 
(replicas and cavity)
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Proof: Donoho Javanmard Montanari

! ↵c = ⇢0

Reaches the ultimate information-theoretic threshold



Part Two

Back to Machine 
learning:

the importance of data 
structure

 



Data structure

Why does it work?

- Hidden manifolds and sub manifolds
- Combinatorial structure
- Euclidean correlations

• Analyse data
• Build generative models that can be 

analyzed fully in some large size limit
• Understand mechanisms



Mostly used so far 
Data = input patterns 
with iid entries

Perceptron learning, committee 
machine, teacher-student
Many results in the 90’s

Theory: Ensembles of data, 
prior on  weights



Analytic study of perceptron learning
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Task to be learnt= teacher perceptron
x

<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit>

y = Sign(J.x)
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Ji = ±1
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Learning= student perceptron
y = Sign(K.x)
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Ki = ±1
<latexit sha1_base64="gqJKmqYc9QyeJtNb8QETmoENUF4="></latexit>

Machine learning: database of P examples xµ
<latexit sha1_base64="hbl1mDG64SbfYBSM/ZuJew/cG8A="></latexit>

y
<latexit sha1_base64="mtMEcXb5Eom2nn0soJDduNt8krQ="></latexit>

and the desired labels yµ = Sign(J.xµ)
<latexit sha1_base64="4foNZU7WOxEfweSLKpfQOgKuixM="></latexit>

Learn the components of K. Compute the 
generalization error



Analytic study of perceptron learning
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and the desired labels yµ = Sign(J.xµ)
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Learn the components of K. Compute the 
generalization error

Ensemble: iid xµ
i

<latexit sha1_base64="PlcEZ4B83p3NgQ5r15sDIlvwbxc="></latexit>

eg ⇠ N (0, 1/N)
<latexit sha1_base64="QqnhnLbLq6JISSZKsfo80eVGEDA="></latexit>



Analytic study of perceptron learning
N
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KN
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y = Sign(K.x)
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<latexit sha1_base64="cZhaw8wnNP15DpfoFQFg8MJA9Vg="></latexit>

Statistical physics of learning: 

P (K) =
1

Z

PY

µ=1

� (yµ, Sign(K.xµ))

<latexit sha1_base64="XYlkYBiZOLrhFEthApRF/G979XE="></latexit>

xi

xµ
i

<latexit sha1_base64="Wr+/tC26+eJ1LsDwHrBSSQmeaPc="></latexit>

µ
<latexit sha1_base64="/LgSsGSwiQIvTwiQJCQPa6nChvE="></latexit>

Similar to compressed sensing !



N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Task to be learnt= teacher perceptron
x

<latexit sha1_base64="jj2f1EsrfSv2LdnaWQZVCYzppkw="></latexit> y = Sign(J.x)
<latexit sha1_base64="swOzcPaTQ+FibhoZ524ZdXULps4="></latexit>

Ji = ±1
<latexit sha1_base64="d9T0xCoBEIdu8ukjzj48kNngCyc="></latexit>

Learning= student perceptron
y = Sign(K.x)

<latexit sha1_base64="qOA2mEfLflWMOrA47P2MfRnmIr0="></latexit>

Ki = ±1
<latexit sha1_base64="gqJKmqYc9QyeJtNb8QETmoENUF4="></latexit>

y
<latexit sha1_base64="mtMEcXb5Eom2nn0soJDduNt8krQ="></latexit>

Thermodynamic limit
N,P ! 1

<latexit sha1_base64="gfDC3CaBJX5IjjWn2L5JejxSGb8="></latexit>

↵ = P/N
<latexit sha1_base64="VMSBtR4QsmGiDwgDuSJCZc+Pgd4="></latexit>

Györgyi 1990; Barbier et al 2018

Algorithm (BP-cavity)
MM 1989, Opper Haussler 1991
Braunstein Zecchina 2006

Replicas

Analytic study of perceptron learning



Statistical-physics and probabilistic tools

Precise statements in the thermodynamic limit both on the 
phase diagram, and on the behavior of some classes of 
algorithms. 
But limited to an ensemble of disorder (in compressed 
sensing: choice of      )F

<latexit sha1_base64="3pA9fygINH3O4rqSdf+Rq1pbH8k="></latexit>

Complementary to other theoretical approaches that 
apply to a large class of problems (eg      norm applies to 
all       with RIP properties), or to the worst case

L1
<latexit sha1_base64="EHUqaKaL3VOofsJ85cxAMYE115Y="></latexit>

F
<latexit sha1_base64="3pA9fygINH3O4rqSdf+Rq1pbH8k="></latexit>

What ensembles can be studied?
What ensembles have been studied?

Does it matter?



The hidden manifold of data

Input space: dimension 282 = 784
<latexit sha1_base64="M2W6lZjvlU1U0VewqQJbqdYuuoc="></latexit>

MNIST



The hidden manifold of data

Input space: dimension 282 = 784
<latexit sha1_base64="M2W6lZjvlU1U0VewqQJbqdYuuoc="></latexit>

Manifold of handwritten digits in MNIST: 

Nearest neighbors’ distance: 

Grassberger Procaccia 83, Costa Hero 05, Heinz 
Audibert 05, Ansuini et al. 19, Spigler et al. 19…p ' cRd

<latexit sha1_base64="aeZQ86wxtaYdIeIHDNFUKvtdDHA="></latexit>

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

The neural net should answer: this image 
does not belong to the category of 
handwritten digits on which I have been 
traines

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
<latexit sha1_base64="++Pr9a1UqWJWUQyVZU/jlWw0I+8="></latexit>

MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…
… from an input in 784 dimensions!



Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
<latexit sha1_base64="++Pr9a1UqWJWUQyVZU/jlWw0I+8="></latexit>

MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…
… from an input in 784 dimensions!

Very different from iid inputs !



An ensemble 
for the hidden manifold

and for the task to be achieved

S. Goldt, F. Krzakala MM L. Zdeborova

arXiv:1909.11500 

https://arxiv.org/abs/1909.11500


An ensemble for the hidden manifold
Xµi = f

"
1p
R

RX

r=1

CµrFir

#

<latexit sha1_base64="5VSiEasyrgVrGvf6yP10km2QolA="></latexit>

Data = input patterns built from     features ~Fr
<latexit sha1_base64="QDHVkDYZ2/W8UDbK4Q3vuB9DhzU="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

A feature is a     component vector in the input spaceN
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Each pattern is built from a weighted superposition 
of features (feature    has weight     ): r

<latexit sha1_base64="FmQle1G4UMcInf8ecu5LhtP9bMs="></latexit> Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

RX

r=1

Cr
~Fr

<latexit sha1_base64="RbEgPYqDJAyzrUCwXelN+kRbyHg="></latexit>

Pattern    :µ
<latexit sha1_base64="aI6a64IH5GruKA5uRoiI3KWIgWI="></latexit>



An ensemble for the hidden manifold
Xµi = f

"
1p
R

RX

r=1

CµrFir

#

<latexit sha1_base64="5VSiEasyrgVrGvf6yP10km2QolA="></latexit>

Data = input patterns built from     features ~Fr
<latexit sha1_base64="QDHVkDYZ2/W8UDbK4Q3vuB9DhzU="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

A feature is a     component vector in the input spaceN
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Each pattern is built from a weighted superposition 
of features (feature    has weight     ): r

<latexit sha1_base64="FmQle1G4UMcInf8ecu5LhtP9bMs="></latexit> Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

RX

r=1

Cr
~Fr

<latexit sha1_base64="RbEgPYqDJAyzrUCwXelN+kRbyHg="></latexit>

Pattern    :µ
<latexit sha1_base64="aI6a64IH5GruKA5uRoiI3KWIgWI="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

The   -dimensional data 
manifold is folded by 
applying the non-linear 
function f

<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>



An ensemble for the task

Desired output = function of latent representation

« Latent 
representation »: 

Examples:

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

(perceptron in 
hidden manifold)

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

iid



An ensemble for the task

Desired output (task) = function of latent representation

« Latent 
representation »: 

Examples:

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

(perceptron in 
latent space)

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

y =
MX

m=1

ṽm g

 
RX

r=1

w̃mrCr

!

<latexit sha1_base64="Gkq9Xitc50C4i5OFhTsQWpLARE4="></latexit>

(2 layers nn in 
latent space)



Manifold of data and sub 
manifolds of the task

Hidden manifold of data: folded R-dimensional manifold

« Latent 
representation »: 

Task

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

y =
MX

m=1

ṽm g

 
RX

r=1

w̃mrCr

!

<latexit sha1_base64="Gkq9Xitc50C4i5OFhTsQWpLARE4="></latexit>

depends on {w̃m.C}, m 2 {1, ...M}
<latexit sha1_base64="3GXiTlFuxKjEmus21xBFX92CyXQ="></latexit>

where            and        live in a R-dim space

{w̃m}
<latexit sha1_base64="XZ8gzMzanDmQf66kIpeA5+KS4Ow="></latexit>

C
<latexit sha1_base64="qn/ryNeq8pFVo6BOKeT/RPysdaU="></latexit>

For perceptual sub manifold = moving in directions 
orthogonal to the           , in latent space

{w̃m}
<latexit sha1_base64="XZ8gzMzanDmQf66kIpeA5+KS4Ow="></latexit>

M < R
<latexit sha1_base64="ktRAmZg0h0xNJvjzY/gasOdMwbg="></latexit>



Experimenting with the 
« hidden manifold model »

Hidden manifold model MNIST
R = 10

<latexit sha1_base64="dbQThzTGn6outShkC/Z6OOUoljw="></latexit>



Hidden manifold model

Desired output (task) = function of latent representation

Data. « Latent 
representation »: 

Example

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

• Does not have the pathologies of teacher-student setup with 
iid data

• Learning and generalization phenomenology     MNIST
• Can be studied analytically: online learning and phase diagram

⇠<latexit sha1_base64="nKeg8TdQUrNEybztXTaxodWBHxs="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Solvable limit = thermodynamic limit with extensive 
latent dimension             ,             ,  

With fixed                ,                  ,    

N ! 1
<latexit sha1_base64="lKag02DzoGC1XNxMdNCbOT5gIcE="></latexit>

R ! 1
<latexit sha1_base64="xu1LBTUSW/VK+De8I0MpikjLez4="></latexit>

P ! 1
<latexit sha1_base64="YdWBAzMM7T9iYIzh/JVHBEFncjQ="></latexit>

R/N = �
<latexit sha1_base64="xOdaIFZpSceyk9XQdIKQxfig+yQ="></latexit>

P/N = ↵
<latexit sha1_base64="dmftsX8S6SE48Bdcc59QTFbh9v0="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

balanced:

Fri = O(1)
<latexit sha1_base64="opeT6VeNwci16hvgb7LAZHKolDo="></latexit>

1

N

X

i

FriFsi = O(1/
p
N)

<latexit sha1_base64="AZCZ7Gcq4yDTPm8pfUrlWabzx+I="></latexit>

1

N

X

i

FriFri = 1
<latexit sha1_base64="fOUsox3n57wcpYCvyR/gNaDb4+A="></latexit>



Analytic study of the hidden manifold model

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

Gaussian, weakly correlated         
when       are balanced andFri

<latexit sha1_base64="yWm6bAkkpob4eA9Ww6owbt6muV0="></latexit>

O(1)
<latexit sha1_base64="yWqd9aEiQP49xDqkMGm22gBuFKs="></latexit>

O(1/
p
N)

<latexit sha1_base64="KwW/JRQ2v3tpwGzGqSZM9vQ3EPg="></latexit>

E (f [ui]f [uj ]) = hf(u)i2 + huf(u)i2E (uiuj)
<latexit sha1_base64="MtP7E0kg9cV/7Oqxbs8Q1RaBQlU="></latexit>

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

�k =
1p
N

NX

i=1

wk
i f [ui]

<latexit sha1_base64="AiFKmOZAIBCepPl9vrtdICqbYAM=">AAAC/HicjVFPTxQxHH2MIn8EXfXopXFjwmkzAyRwgZB44UQwcYFkZ5l0ul1odv7ZdjBksn4TbtyIV7+AVz0bvoF+C3+tQ6ISIp3MzOv7vffaX5tWmTI2DK9nggcPZx/NzS8sPl5afvK08+z5gSlrLWRflFmpj1JuZKYK2bfKZvKo0pLnaSYP08kbVz88k9qosnhnzys5zPlJocZKcEtU0tmIMxKP+PGEbbF4rLloomkTm/fasr0pi02dJ43aiqbHe+xDokg2HtSJGiadbtgL/WC3QdSCLtqxX3a+I8YIJQRq5JAoYAln4DD0DBAhREXcEA1xmpD ydYkpFslbk0qSghM7oe8JzQYtW9DcZRrvFrRKRq8mJ8Nr8pSk04TdaszXa5/s2LuyG5/p9nZO/7TNyom1OCX2f74b5X19rheLMTZ9D4p6qjzjuhNtSu1Pxe2c/dGVpYSKOIdHVNeEhXfenDPzHuN7d2fLff2HVzrWzUWrrfHT7ZIuOPr3Om+Dg9VetNZbfbve3dlur3oeL/EKK3SfG9jBLvbRp+wLfMFXfAs+BpfBVfDptzSYaT0v8NcIPv8Cgg+lUA==</latexit>

GET: In the thermodynamic limit, the variables      
have a Gaussian distribution, with covariance

E[�̃k�̃`] = (c� a2 � b2)W k` + b2⌃k`
<latexit sha1_base64="aJsN3zDyY9Nx1BprP4fInwK6lG4=">AAADXXicnVHLSsNAFL1pfNZX1YULN4NVUKQlrYJulIIILitaKzStTKZjHTp5kEwEKf0P/0xcudWfEO+MKfhAFG9Icubce87MnetFUiTKcR6tnD02PjE5NZ2fmZ2bXygsLl0kYRoz3mChDONLjyZcioA3lFCSX0Yxp74nedPrH+l885bHiQiDc3UX8bZPe4G4FowqpK4K9wPXp+rG88jxkLRcJWSXE1eiQZd2+uQL4XIp2+Rgk5 Vop1ryOtWtPPl/NDuDvnYcbqMTcc9Ez6cjilwVik7ZMUG+g0oGipBFPSw8gAtdCIFBCj5wCEAhlkAhwacFFXAgQq4NA+RiRMLkOQwhj9oUqzhWUGT7+O3hqpWxAa61Z2LUDHeR+MaoJLCBmhDrYsR6N2LyqXHW7E/eA+Opz3aHfy/z8pFVcIPsb7pR5V91uhcF17BvehDYU2QY3R3LXFJzK/rk5ENXCh0i5DTuYj5GzIxydM/EaBLTu75bavLPplKzes2y2hRe9ClxwJWv4/wOLqrlyk65erpbrB1mo56CVViDTZznHtTgBOrQQO9Xa90qWeXckz1uz9rz76U5K9Msw6ewV94A/zC2BQ==</latexit>

W k` ⌘ 1

N

NX

i=1

wk
i w

`
i

<latexit sha1_base64="39CRG3VZ4lXXpFGpBYM/C7kuw5Y="></latexit>

⌃k` ⌘ 1

R

RX

r=1

Sk
rS

`
r

<latexit sha1_base64="R3ZtEgz9AouaPatoBjMsxWmlWNo="></latexit>

Sk
r ⌘ 1p

N

NX

i=1

wk
i Fir

<latexit sha1_base64="IDJU+skRvfLUveycoANXj6Bdnmc="></latexit>

c = hf(u)2i
<latexit sha1_base64="w0WkFYCgoV+JLbr3ei8QZguOCQY="></latexit>

a = hf(u)i
<latexit sha1_base64="KsQub6FCZbnjgCdRCGav1jbPiZI="></latexit>

b = huf(u)i
<latexit sha1_base64="EnaZjBPqnjzLlZi1zvfKFIYH2dM="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>

�k
<latexit sha1_base64="hvKQD81xCTkd+ubJTqsHECsLGT4="></latexit>

iid



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>
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GET in a nutshell: in the thermodynamic limit (with  
extensive latent dimension of the hidden manifold,             ),
the inputs of hidden units have Gaussian distribution. Then 
the model is solvable.

R = �N
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Gaussian Equivalence Theorem (GET)

Inputs of hidden units:

Xi = f [ui]
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Gaussian N (0, 1)
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GET in a nutshell: in the thermodynamic limit (with  
extensive latent dimension of the hidden manifold,             ),
the inputs of hidden units have Gaussian distribution. Then 
the model is solvable.

R = �N
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NB: depends on the manifold folding function     only 
through the three quantities
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Any folding function      is statistically equivalent to a quadratic onef
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Learn using a 2-layer neural 
net,       hidden unitsK
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     = inside hidden R-dimensional manifold, folded by 
function 
Desired output given constructed from latent 
representation

Online learning of Hidden  Manifold Model
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https://arxiv.org/abs/1909.11500


Online learning: ODE for SGD

New pattern (and therefore new latent representation      ) 
at each time
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Evolution of the weights during learning D Saad and S Solla 95, Biehl 
and Schwarze 95, …
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ODE Theory vs simulations N=8000, D=4000, M=2, K=2
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ODE Theory vs simulations N=8000, D=4000, M=2, K=2
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correlation of pre-activation of neuron   in the 
student and the weight     in the latent task
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specializes after 100 steps
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ODE Theory vs simulations N=1023, D=1023, M=2, K=2

Hadamard F



Gardner’s computation: volume of space in      
compatible with the data  
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The volume can be written in terms of the local 
input fields to the hidden variables,       .  �ka
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The GET shows that these are Gaussian variables, 
independent for different patterns, correlated for 
one given pattern. Finite number of correlations 
between      variables, so the computation can be 
done.
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Results… coming soon (Federica Gerace, Bruno Loureiro, 
Florent Krzakala, Lenka Zdeborova , MM, in preparation).

Phase diagram of Hidden Manifold Model



Summary

Desired output (task) = function of latent representation

Data has  « Latent representation »: 

Example ~X = f
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• Does not have the pathologies of teacher-student setup 
with iid data

• Learning and generalization phenomenology     MNIST
• Can be studied analytically : online learning and full batch 

in the limit where                 , thanks to a Gaussian 
Equivalence property 
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Data structure is important
- Hidden manifolds and sub manifolds
- Combinatorial structure

Hidden Manifold Model

R = O(N)
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Physics approach: 
- mean-field cavity equations       efficient algorithm
- replica method      phase diagram, and control of algorithm
- frequent pattern of phase diagram:

Amount of data

Impossible

Statistical inference and statistical physics

Infer a hidden rule, or hidden variables, from data. Many 
variables, big data chosen from an ensemble        stat. physics

Hard Easy

Info. theory 
threshold

Algorithmic 
threshold
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Impossible Hard Easy

Info. theory 
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Algorithmic 
threshold
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Many glass 
states
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Physics approach: 
- mean-field cavity equations       efficient algorithm
- replica method      phase diagram, and control of algorithm
- frequent pattern of phase diagram

Statistical inference and statistical physics

Infer a hidden rule, or hidden variables, from data. Many 
variables, big data chosen from an ensemble        stat. physics

Relevance for machine learning: data and task structure is 
probably crucial. Define new ensembles, like eg the Hidden 
Manifold Model


