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Abstract

Teacher-student models provide a powerful framework in which the typical case performance of high-
dimensional supervised learning tasks can be studied in closed form. In this setting, labels are assigned
to data - often taken to be Gaussian i.i.d. - by a teacher model, and the goal is to characterise the typical
performance of the student model in recovering the parameters that generated the labels. In this manuscript
we discuss a generalisation of this setting where the teacher and student can act on different spaces, generated
with fixed, but generic feature maps. This is achieved via the rigorous study of a high-dimensional Gaussian
covariate model. Our contribution is two-fold: First, we prove a rigorous formula for the asymptotic training
loss and generalisation error achieved by empirical risk minimization for this model. Second, we present a
number of situations where the learning curve of the model captures the one of a realistic data set learned
with kernel regression and classification, with out-of-the-box feature maps such as random projections or
scattering transforms, or with pre-learned ones - such as the features learned by training multi-layer neural
networks. We discuss both the power and the limitations of the Gaussian teacher-student framework as a
typical case analysis capturing learning curves as encountered in practice on real data sets.
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1 Introduction

Teacher-student models are a popular framework to study the high-dimensional asymptotic performance of
machine learning problems with synthetic data, and have been the subject of intense investigations spanning
three decades [, 2, 3, 4, 5, 6, 7]. In the wake of understanding the limitations of classical statistical learning
approaches [&, 9, 10] this direction is witnessing a renewal of interest [1 [, 12, 10, 13, 10, 14, 15]. In this
paper, we extend this line of work, and consider models taking into account, to some extent, the structure and
correlations in the data and labels.

We discuss a theory capturing the cases of teachers and students defined by elaborate, deterministic, random,
or even learned features maps for the data.

This generic setting is relevant in many situations of practical interest in machine learning, such as kernel
regression, the analysis of feature maps - random projections [|0], neural tangent kernels [17], scattering
transforms [ 1] - as well as the analysis of transfer learning performance on data generated by generative
adversarial networks [19]. The broad spectrum of our analysis is possible because, for all these scenarios, the
important correlations between the teacher and the student can be asymptotically captured by a (jointly)-Gaussian
covariate model, as we will discuss in detail below. We derive a rigorous solution of this covariate model,
and present some of its applications to realistic (and in some cases real) data sets. We also discuss its limit of
applicability, by showing how the Gaussian assumption breaks down in some concrete situations.

Model definition and basic intuition — Our main technical result concerns the following Gaussian covariate
model for two vectors u € R? and v € R?, with correlation matrices ¥ € RP*P , Q€ R4%d and & € RP*4,
from which we draw n independent samples:

u d \I/ (I)
M € RPT ~N<0, LPT QD ) (1.1)

Denoting U € R™*P & V' € R"*? the matrices obtained from the concatenation of the n samples, we define the
teacher and the student as follows:

* The labels y are generated by a feacher function that is only using the vectors u:

1

y = Jfo <U00> ; (1.2)
VP

where f : R®™ — R" is a function that may include randomness such as, for instance, an additive Gaussian

noise, and Oy € RP is a vector of teacher-weights which can be either random or deterministic. We will focus on

a factorised fj (i.e. the same scalar function fj is applied to each sample).

* Learning is performed by the student via empirical risk minimization that has access only to the vectors v*:

W = arg min {g (\}8VW, y> + T(W):| , (1.3)

weRd

where w are the student-weights, and r & g are proper, convex functions of w € R? (e.g. ¢ can be a logistic or a
square loss and r a £, (p=1, 2) penalty).

Main contributions —

* Our main technical contribution is a rigorous closed-form characterisation of the properties of the estimator w,
and its corresponding training and generalisation error in the high-dimensional limit. This is achieved using
Gaussian comparison inequalities [20].

* We also derive the expression using the replica method from statistical physics [2 1]. We believe this relationship
to be of additional interest given the wide range of applications of the replica approach in machine learning and
computer science [2”].



* We apply the formula to a range of situations of interests with both synthetic and realistic, correlated data.
We show that the theoretical prediction captures the learning curves in non-trivial cases, e.g. when input data
are generated using a trained generative adversarial network, while extracting the feature maps from a neural
network trained on real data.

* We empirically show that, for ridge regression, the asymptotic formula can be applied directly to real data
sets, even though the Gaussian hypothesis is not satisfied. This illustrates the power of typical case analysis for
concrete practical situations.

Related works — The Gaussian covariate model (1.1) contains the vanilla teacher-student model as a special
case where one takes u and v identical, with unique covariance matrix 2. This special case has been extensively
studied in the statistical physics community using the heuristic replica method [23, 24, |, 2, 3]. Many recent
rigorous results for such models can be rederived as a special case of our formula, e.g. [I1, 12, 25, 10, 13,

, 20,27, 14, 15, 28]. Numerous of these works are based on the same proof technique as we employed
here: the Gordon’s Gaussian min-max inequalities [20, 29, 30]. Closer to our work is the recent work of
[3 1] on the random feature model. For ridge regression, there are also precise predictions thanks to random
matrix theory [32, 12, 33, 34, 35]. A related set of results were obtained in [36] for orthogonal random matrix
models. The main technical novelty of our proof is the handling of a generic loss and regularisation, not only
ridge, representing convex empirical risk minimization, for both classification and regression, with the generic
correlation structure of the model (1.1).

The main interest of model (1.1) is that it goes beyond the vanilla case and spans a variety of new interesting
scenarios. As we shall see, the covariance matrices ¥, ®, and {2 can represent different aspects of the data-
generative process and learning model. They can account for learned generative models of the input data, such as
generative neural networks, but they can also model the process generating the labels, such as a neural network
learned from data, or a given kernel or feature map (detailed mappings are given later). The student (1.3) then
corresponds to the last layer of the learning model. A number of recent results conjectured via the heuristic
replica method then follow from our proof. For instance, the asymptotic analysis of kernel ridge regression [37],
of margin-based classification [38] and of a Gaussian covariate models used to study generative distributions
[29], which is a particular cases of (1.1) and (1.2) when ¥ = I and 6, ~ N(0,1,). See Appendix A.6 for the
details on these connections. Other examples include models of the double descent phenomenon [40)].

2 Main technical results

Exact asymptotics — The results that follow are valid in the high-dimensional limit, characterised by the
dimensions of the problem n, p, d going to infinity with fixed ratios:

az%,andy:%. 2.1
We define the averaged training loss for a given estimator w as the expectation of the risk:
Etrain(W) = lE { ( ! Vw ) + (W):| (2.2)
i = — — 5 T . .
train N g \/a y

where the argument y in the loss function g(., y) is understood as a parameter, not a variable. To evaluate the
performance, we consider a prediction function f : R — R used to generate new labels from the learned model,
and a performance measure § : R — R. A fresh sample then takes the form of a feature vector vye, and the

associated label ypew originating from a feature uyey,. The averaged generalisation error is then defined as:

Exen(W) = E [3(f (ViewW): thew ) | S E [5 (Vo). Folue80) )| 23)
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From these definitions, we shall deduce asymptotics for the variables u

6y and w, the tuple (ﬁu}eweo, %VIEWW) is a bivariate Gaussian with covariance:

19T L (TeT
1 519OT\IJQOT ﬁl@TGO) v 2.4
We thus define the following overlaps, that will play a fundamental role in the analysis:
p= 103\1}00, m= L@TGO)TW, q= leQw, X = 105@9*1@90. (2.5)
D Vdp d d

Our main result is that the overlaps, the training loss and the generalisation error can be computed explicitly
in the high-dimensional limit defined above. We derive this result in two different ways: a) heuristically, using
the the replica method from statistical physics in Appendix A, and b) rigorously, via the Gordon minimax
approach detailed in Appendix C.

First, let’s define a scalar optimization problem that will be used to state the asymptotic behaviour of
(1.2-1.3):

Definition 1. (Scalar potentials/replica free energy) Define the following functions of the scalar variables
71>0,72>0,k>0,1n>0,v,m:

1
Lo(n,m.m.n) = ~E {Mgg(m (\T/”ﬁs + nhﬂ : 2.6)
1 n
»Cr s Iy ¥y = 7]E - - t 9
(T2,m,V, K) p) [M%T(Q 1/2.) (T2 (v —l—mg))]

where s,h ~ N(0,1,) and g ~ N(0,1;) are random vectors independent of the other quantities, t =
Q72070 y = fo (\/ps), and M denotes the Moreau envelope of a target function.
From these quantities define the following potential:

2
_ %( X+ K2) 4+ aly(Ti, ky,myn) + Lo(12,m, v, K) . 2.7

Under Assumption (C.1), the previously defined quantities all admit finite limits when n, p, d — oo.

Proof: This follows directly from Lemma 5.
The next lemma characterizes important properties of the "potential” function (7, 72, K, 1, v, m):

Lemma 1. (Geometry and minimizers of £) The function E(71, T2, &, 1, v, m) is jointly convex in (m,n, 1) and
jointly concave in (v, k, T2), and the optimization problem

min max (7, 7o, K, N, V, M) (2.8)
MN,TL RV, T2

has a unique solution (1,75, k*, n*,v*, m*) on dom(&).

Proof: see Appendix C.4. The optimality condition of problem (2.8) yields the set of self-consistent fixed
point equations given in Lemma 12 of Appendix C. Finally, define the following variables:

B 77* m*
w* =Q 1/2pr0xgr(ﬂ,1/2.) (7_2*(1/*t + H*g)) , 7¥ = proxig(. ) <\/ﬁs + U*h> . 2.9
2 K K

where prox denotes the proximal operator. With these definitions, we can now state our main result:



Theorem 1. (Training loss and generalisation error) Under Assumption (C.1), there exist constants C,c,c > 0
such that, for any optimal solution W to (1.3), the training loss and generalisation error respectively defined by
equations (2.2) and (2.3) verify, for any 0 < e < ':

C
(|gtra1n( ) gra1n| ) < ?e—cnez ) (210)
~ ~ R c —cne
P (|Seen() = Bug [a(0(), (€] > €) < Zemon,
€
where £}, ... is defined as follows:
Eruin=Elg (2, )] + —E [ (w")] @1
train — n g Y ad r s .
and the random variables (w, §) are jointly Gaussian with covariance
*\2
, ~N<0,{p* m]) — 2.12
(w, &) m* g ¢ =)+ (2.12)

Proof: see Appendix C.5. Note that the regularisation may be removed to evaluate the training loss. A more
generic result, aiming directly at the estimator w, can also be stated:

Theorem 2. Under Assumption (C.1), for any optimal solution W to (1.3), denote z = ﬁVvAv. Then, there

exist constants C, ¢, ¢’ > 0 such that, for any Lipschitz function ¢1 : R* — R, and separable, pseudo-Lipschitz
function ¢ : R" — Randany 0 < e < ¢':

(-2l (3)]) <6
(-2l () 6

Proof': see Appendix C.5. Concentration still holds for a larger class of functions ¢1 2, but exponential rates
are lost. This is discussed in Appendix C.1.

[q)

Factorised loss and ¢ regularisation — A more explicit form of the scalar optimisation problem (2.7) arises
when the loss g is factorisable & the regularisation is the {5 penalty, as shall be the case for the remainder of this

paper:

Corollary 1. (Factorised loss and {s regularisation) For a factorised g and an {s regularisation with parameter
A >0, letting G = (%Q + M) ™Y, the function (11, 72, k,n, v, m) takes the form

E(m, 12, kyn,v,M) = % — % +muy/y — %m + a]E[./\/lng( y(ms+ nh)] — %5 00T¢>G<I)T00
L,
— 5" tr(GQ), (2.15)

where s, h are independent standard normal random variables. Additionally, the optimality condition prescribing
the unique solution (t{, 75, k™, n*,v*, m*) to the convex-concave min-max problem:

E* = min max &(m, T2, K, 7, v, M) (2.16)
m,n,T1 K,V,T2

matches the one obtained with the heuristic replica method.

Proof: see Appendix D.



Computing the errors — As shown in Theorem 1, the asymptotic training loss and generalisation error are
fully characterised by a convex low-dimensional minimisation problem given by eq. (2.8). Since the potential £
has a unique minimiser, we can simply look for critical points. Focusing on the factorised case of Corollary
1, the zero-gradient condition yields a set of self-consistent equations. In the notations of Definition (1) and
Corollary (1):

1 = 5tr(GQ) vy = a\/gﬁ (E[sz(-,m,h)] — %E[z’(%,m,h)])
m=g75002Ge 6y B = ek (=BG m )
4 = L (TG0t + 12 tr(G20?)) 7f = aB[(Z5s +nh — 2(THm,n))’]

(2.17)

where we defined the scalar random functions z(Z, m, h) = prox%g(wfo(\/ﬁs))(%s +nh) and 2'(%L,m, h) =

, m . . .
prox%g(.7 Jo(\/79)) (%s —i: nh) as the first derivative of the proximal operator. For a given problem defined
by the parameters (fo, f, g, 7, 60,2, @, U), one can easily iterate the above equations to find the fixed point
(k*,v*, 71, 73, m*,n*) which appears in the expression for the training and generalisation errors (€, Egen)s
see eq. (2.10). Two cases are of particular relevance for the experiments that follow. The first is the case of
ridge regression, in which fy(x) = f(x) and both the loss g and the performance measure § are taken to be the
mean-squared error mse(y,y) = %(y — ¥)2, and the asymptotic errors are given by the simple closed-form
expression:
g*
* * * *,unreg gen

Egen = P+ ¢ —2m7, Elain © = At /)2 (2.18)
where ¢* = ()% + (m*)? /p as defined in eq. (2.12). The second case of interest is the one of a binary
classification task, for which fo(z) = f(x) = sign(z), and we choose the performance measure to be the
classification error §(y, ) = P(y # §). In the same notation as before, the asymptotic generalisation error in
this case reads:

1 m*

Eton = — cos 1 <\/W> , (2.19)
while the training loss £, depends on the choice of g - which we will take to be the logistic loss g(y, z) =
log (1 + =) in all of the binary classification experiments. An out-of-the-box iterator for all the cases studied
hereafter is provided in the GitHub repository for this manuscript [41].

3 Applications of the Gaussian model

Learning with features maps — We now discuss how the theorems above can be applied to characterise
the learning curves, i.e. the dependence of the training and test errors on the number of samples, for a range
of concrete problems of interest. Let {az”}ﬁzl denote a data set with n independent samples on X C RP.
We consider here the cases in which the variables u, v are given by (potentially) elaborated features of x, i.e.
u = @;(x) and v = 4 (x) for given feature maps ; : X — RP and ¢, : X — R, see Fig. 1. Our strategy is
then to use the following conjecture:

Conjecture 1. (Gaussian equivalent model) For a wide class of data distributions {:c“}zzl, and features maps
u = @i(x),v = ps(x), the generalisation and training errors of (1.3) are asymptotically captured by the
equivalent Gaussian model (1.1), where [u,v] are jointly Gaussian variables, and thus by the closed-form
expressions of Theorem 1.

Conjecture 1 holds naturally in the case in which x are Gaussian variables and the feature maps (s, ©s)
preserve the Gaussianity, for example linear features. In particular, this is the case for u=v =x, which is the
widely-studied vanilla teacher-student model. Beyond this situation, a similar Gaussian conjecture has been
discussed in a series of recent works, and some proved partial results in this direction [ 12, | 1, 27,42, 43,39, 31,



x € RP

Figure 1: The approach used for capturing realistic learning curves: Given a data set {x* }],_;, teacher u = ()
and student maps v = (), we assume [u, v] to be jointly Gaussian random variables and apply the results of
the Gaussian covariate model (1.1).

]. In particular, [39] studied a special case of the Gaussian model (corresponding to ¢; = id here), and proved
a Gaussian equivalence theorem (GET) for feature maps ¢ given by single-layer neural networks with fixed
weights. They showed that for Gaussian data  ~ N(0,1p), feature maps of the form v = o(Wz) (with some
technical restriction on the weights) led to the jointly-Gaussian property for the two scalars (v - w,u - 8y) for
almost any vector w. Remarkably, [44] showed that the joint Gaussianity is actually satisfied for W, establishing
the universality of the Gaussian covariate model (1.1) for random feature maps.

We expect Conjecture 1 to hold in a much broader context than what is discussed in the above papers.
Authors of [39] provided strong empirical evidence supporting the conjecture for data coming from pre-trained
generative networks. However, their stringent assumptions on random teacher weights limited the scope of
applications to unrealistic label models. A related line of work discussed similar universality through the lens of
random matrix theory [45, 40, 47]. In particular [48] showed that, in our notations, vectors [u, v| obtained from
Gaussian inputs  ~ A (0,1p) with Lipschitz feature maps satisfy, in the authors terminology, a concentrated
property. In this case, again, one can expect the two scalars (v - w, u - 8y) to be jointly Gaussian.

The rest of this manuscript is devoted to a discussion of cases - some rather surprising - for which Conjecture 1
seems valid. Our aim is to bring forward these cases and to call for a more formal analysis of the range of
validity of Conjecture 1, which as we show in this manuscript is clearly larger than what can be established from
the existing literature.

3.1 Random Kkitchen sinks with Gaussian data

A first application is to choose random feature maps, as in random kitchen sinks [16], where ¢, (x) = o (Fx)
for a random matrix F and a chosen scalar function ¢ acting component-wise. This model has seen a surge of
interest recently, and a sharp asymptotic analysis was provided in the particular case of uncorrelated Gaussian
datax ~ N(0,Ip) and ¢, = id in [ |, 17] for ridge regression and generalised by [, 4] for generic convex
losses. Both results can be framed as a Gaussian covariate model with:

FF'
U =1, ® =k F', Q=r2141) + @7 + K21y, (3.1)

where 1, € R? is the all-ones vector and the constants (Ko, K1, ky) are related to the non-linearity o as:

Ko = E. a0 [o(2)] k1 =E. o [20(2)],  Ke= \/EZNN(o,n [0(2)4] = kg —K7.  (32)
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Figure 2: Learning in kernel space: Teacher & student live in the same (Hilbert) feature space v = u € with
d > n, and the performance only depends on the relative decay between the student spectrum w; = d i 2
(the capacity) and the teacher weights in feature space Hgiwi = d i~ * (the source). Left: a task with sign
teacher (in kernel space), fitted with a max-margin support vector machine (logistic regression with vanishing
regularisation [54]. Right: a task with linear teacher (in kernel space) fitted via kernel ridge regression with
vanishing regularisation. Points are simulation that matches the theory (lines).

Note, however, that our present framework can accommodate more involved random sinks models, such as when
the teacher features are also a random feature model or multi-layer random architectures.

3.2 Kernel methods with Gaussian data

Another direct application of our formalism is to kernel methods. Kernel methods admit a dual representation in
terms of optimization over feature space [49]. The connection is given by Mercer’s theorem, which provides an
eigen-decomposition of the kernel and of the target function in the feature basis, effectively mapping kernel
regression to a teacher-student problem on feature space. The classical way of studying the performance of
kernel methods [50, 51] is then to directly analyse the performance of convex learning in this space. In our
notation, the teacher and student feature maps are equal, and we thus set

p=d, U =& = = diag(w;) (3.3)

where w; are the eigenvalues of the kernel and we take the teacher weights 6 to be the decomposition of the
target function in the kernel feature basis.

There are many deep results in classical learning theories on this problem for the case of ridge regression
(where the teacher is usually called "the source" and the eigenvalues of the kernel matrix the "capacity", see e.g.
[50, 52]). However, these are worst case approaches, where no assumption is made on the true distribution of
the data. Most of these results are also restricted to ridge regression. In contrast, here we follow a typical case
analysis, assuming Gaussianity in feature space. Through Theorem 2, this allow us to go beyond the restriction
of the ridge loss. An example of application to this scenario is shown in Fig. 2.

For the particular case of kernel ridge regression, Theorem 2 provides a rigorous proof of the formula
conjectured in [37]. In Appendix A.6 we present an explicit mapping to their results, as well as a discussion of
the asymptotic performance of kernel ridge regression as discussed in [53, 37]. Our theorem puts these works on
rigorous grounds, and extends them to kernel tasks with more general losses.
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Figure 3: generalisation classification error, eq. (2.19) (top) and (unregularised) training loss, eq. (2.2) (bottom)
as a function of the sample complexity « = n/d for logistic regression on a learned feature map trained on
dcGAN-generated CIFAR10-like images labelled by a teacher fully-connected neural network (see Appendix
E.1 for architecture details), with vanishing /5 regularisation. The different curves compare featured maps at
different epochs of training. The theoretical predictions based on the Gaussian covariate model (full lines) are in
very good agreement with the actual performance (points).

3.3 GAN-generated data and learned teachers

To approach more realistic data sets, we now consider the case in which the input data * € X is given by a
generative neural network @ = G(z), where z is a Gaussian i.i.d. latent vector. Therefore, the covariates [u, v]
are the result of the following Markov chain:

z—xeX—ucRP, 2z x X —veRL (3.4)
g Pt g Ps

With a model for the covariates, the missing ingredient is the teacher weights 8y € RP, which determine the
label assignment: y = fo(u ' 6). In the experiments that follows, we fit the teacher weights from the original
data set in which the generative model G was trained. Different choices for the fitting yield different teacher
weights, and the quality of label assignment can be accessed by the performance of the fit on the test set. The set
(1, s, G, 0p) fully defines the data generative process. For predicting the learning curves from the iterative
egs. (2.17) we also need to estimate the population covariances (¥, ®, ). This is done from the generative
process in eq. (3.4) with a Monte Carlo sampling algorithm. This pipeline is explained in full detail in Appendix
E. An open source implementation of the algorithms used in the experiments is available in [+ |].

Fig. 3 shows an example of the learning curves resulting from the pipeline discussed above in a logistic
regression task on data generated by a GAN trained on CIFAR10 images. More concretely, we used a pre-trained
five-layers Deep convolutional GAN (dcGAN) from [55], which maps 100 dimensional i.i.d. Gaussian noise
into k = 32 x 32 x 3 realistic looking CIFAR10-like images: G : z € R0 s ¢ € R32%32X3_To generate
labels, we trained a simple fully-connected four-layer neural network on the real CIFAR10 data set, on a odd
(y = +1) vs. even (y = —1) task, achieving ~ 75% classification accuracy on the test set. The teacher weights
6o € RP were taken from the last layer of the network, and the teacher feature map ¢, from the three previous
layers. For the student model, we trained a completely independent fully connected 3-layer neural network on
the dcGAN-generated CIFAR10-like images and took snapshots of the feature maps ¢ induced by the 2-first
layers during the first ¢ € {0, 5, 50,200} epochs of training. Finally, once (g L1, Pl 00) have been fixed, we
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estimated the covariances (¥, @, 2) with a Monte Carlo algorithm. Full detail of the architectures used and of
the training procedure can be found in Appendix. E.1.

Fig. 3 depicts the resulting learning curves obtained by training the last layer of the student. Interestingly, the
performance of the feature map at epoch 0 (random initialisation) beats the performance of the learned features
during early phases of training in this experiment. Another interesting behaviour is given by the separability
threshold of the learned features, i.e. the number of samples for which the training loss becomes larger than 0 in
logistic regression. At epoch 50 the learned features are separable at lower sample complexity o = n/d than at
epoch 200 - even though in the later the training and generalisation performances are better.

3.4 Learning from real data sets

Applying teacher/students to a real data set — Given that the learning curves of realistic-looking inputs
can be captured by the Gaussian covariate model, it is fair to ask whether the same might true for real data sets.
To test this idea, we first need to cast the real data set into the teacher-student formalism, and then compute the
covariances matrices {2, U, ® and teacher vector 8y required by model (1.1).

Let {xH, y”}Z‘;‘l denote a real data set, e.g. MNIST or Fashion-MNIST for concreteness, where ny; =
7 x 104, x* € RP with D = 784. Without loss of generality, we can assume the data is centred. To generate the
teacher, let u” = @;(x*) € RP be a feature map such data is invertible in feature space, i.e. that y* = BOT ut for
some teacher weights 8y € RP, which should be computed from the samples. Similarly, let v* = 4 (z*) € R?
be a feature map we are interested in studying (e.g. random features or a pre-trained neural network). Then, we
can estimate the population covariances (¥, ®, ) empirically from the entire data set as:

Thot 'U,”"U,”’T Thot 'U,H'UHT Thot 'UH’U“T
U = , P = , Q=

n n n
u=1 tot u=1 tot p—1 ot

(3.5)

At this point, we have all we need to run the self-consistent equations (2.17). The issue with this approach is
that there is not a unique teacher map ¢, and teacher vector 6 that fits the true labels: this requirement seems
ill-defined, as it depends on this rather arbitrary choice. However, we can show that all interpolating linear
teachers are equivalent:

Theorem 3. (Universality of linear teachers) For any teacher feature map @y, and for any 0y that interpolates
the real data set so that y* = 03 ut Y, the asymptotic predictions of model (1.1) are equivalent.

Proof. It follows from the fact that the teacher weights and covariances only appear in eq. (2.17) through
p= %BJ W6, and the projection ®8. Using the estimation (3.5) and the assumption that it exists y* = 8, u*,
one can write these quantities directly from the labels y*:

Mot Thot

1 1
p=—> ">, O = — Yyt (3.6)
pn=1 pn=1

Thot Mot

For any linear interpolating teacher, the theory is thus independent of the choice of the teacher feature map. [

Ridge Regression with linear teachers — Using these ideas, we now test the prediction of model (1.1) on
real data sets, and show that it is surprisingly effective in predicting the learning curves, at least for the ridge
regression task. We have trained a 3-layer fully connected neural network with ReLLU activations on the full
Fashion-MNIST data set to distinguish clothing used above vs. below the waist [57]. The student feature map
s : R™* - R is obtained by removing the last layer, see Appendix E.1 for a detailed description. In Fig. 4
we show the test and training errors of the ridge estimator on a sub-sample of n < ny on the Fashion-MNIST
images. We observe remarkable agreement between the learning curve obtained from simulations and the
theoretical prediction by the matching Gaussian covariate model.

Fig. 4 shows a similar experiment on the MNIST data set, but for different out-of-the-box feature maps, such
as random features and the scattering transform [5&]. Note the characteristic double-descent behaviour [V], and
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Figure 4: (Left) Test and training mean-squared errors eqs. (2.18) as a function of the number of samples n
for ridge regression on the Fashion-MNIST data set, with vanishing regularisation A\ = 1075, In this plot, the
student feature map 5 is a 3-layer fully-connected neural network with d = 2352 hidden neurons trained on the
full data set with the square loss. Different curves correspond to the feature map obtained at different stages
of training. (Right) Test and training mean-squared errors eq. (2.18) as a function of the number of samples n
for ridge regression on a MNIST even vs odd digit task, with regularisation A = 10~2. The different curves
compare the performance of no feature map (blue), random feature map with ¢ = erf and Gaussian projection
(orange), the scattering transform with parameters J = 3, L = 8 [ 1] (green) and of the limiting kernel of the
RF map above [56] (red). Note we chose the number of random features d = 1953 to match the number of
features from the scattering transform. Full details on the simulations are described in Appendix E.1

the accurate prediction of the peak where the interpolation transition occurs. We note in Appendix E.1 that for
both Fig. 4 and 4, for a number of samples n closer to ny. we start to see deviations between the real learning
curve and the theory: this is to be expected since in that case the teacher can be learned with zero test error,
while the test error on the real data set saturates.

Why is the Gaussian model so effective for describing learning with data that are not Gaussian? The point is
that ridge regression is sensitive only to second order statistics, and not to the full distribution of the data. It
is a classical property (see Appendix F) that the training and generalisation errors are only a function of the
spectrum of the empirical and population covariances, and of their products. Random matrix theory teach us
that such quantities are very robust, and their asymptotic behaviour is universal for a broad class of distributions
of [u,v] [59, 60, 61, 47]. The asymptotic behavior of kernel matrices has indeed been the subject of intense
scrutiny [45, 62, 46, 11, 63, 48]. We thus expect the validity of model (1.1) for ridge regression, with a linear
teacher, to go way beyond the Gaussian assumption.

Beyond ridge regression — The same strategy fails beyond ridge regression and mean-squared test error. This
suggests a limit in the application of model (1.1) to real (non-Gaussian) data to the universal linear teacher. To
illustrate this, consider the setting of Figs. 4 and 4, and compare the model predictions for the binary classification
error instead of the /> one. There is a clear mismatch between the simulated performance and prediction given
by the theory (see Appendix E.1) due to the fact that the classification error does not depends only on the two
first moments.

We present an additional experiment in Fig. 5. We compare the learning curves of logistic regression on
a classification task on the real CIFAR10 images with the real labels versus the one on dcGAN-generated
CIFAR10-like images and teacher generated labels from Sec. 3.3. While the Gaussian theory captures well the
behaviour of the later, it fails on the former. A histogram of the distribution of the product u " for a fixed
number of samples illustrates well the deviation from the prediction of the theory with the real case, in particular
on the tails of the distribution. The difference between GAN generated data (that fits the Gaussian theory) and
real data is striking. Given that for classification problems there exists a number of choices of "sign" teachers
and feature maps that give the exact same labels as in the data set, an interesting question is: is there a teacher
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Figure 5: (Left) Test classification error, eq. (2.19) (top) and (unregularised) training loss, eq. (2.2) (bottom) for
logistic regression as a function of the number of samples n for an animal vs not-animal binary classification
task with /o penalty A\ = 1072, comparing real CIFAR10 grey-scale images (blue) with dcGAN-generated
CIFAR10-like gray-scale images (red). The real-data learning curve was estimated, just as in Figs. 4 and 4 by
estimating the population covariances on the full data set. (Right) Histograms of the variable idvTuA) for a fixed
number of samples n = 2d = 2048 and the respective p.d.f. given by the theoretical prediction (solid line) from
eq. (2.4).

that allows to reproduce the learning curves more accurately. This question is left for future work.
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A Main result from the replica method

In this appendix we derive the formula for the performance of the Gaussian covariate model from a heuristic
replica analysis. The computation closely follows the recent developments in [42, [4]. We refer to [21, 3, 22]
for an introduction to this remarkable heuristic (but seemingly never failing) approach.

The data:  First, let’s recall the definition of our model. Consider synthetic labelled data (v,y) € R? x R
drawn independently from a joint distribution with density:

Pe, (U7y) = /R du Po(y|uT00)N(u,'v; 07 E) (Al)

where P is a given likelihood on R, 8y € R? is a fixed vector of parameters and X is a correlation matrix given
by:
_|r ¢ (p+d)x(p+d)
= [@T Q} eR (A.2)
for symmetric positive semi-definite matrices ¥ and 2 and ® € RP*?, In its simplest form, which we will

mostly be using in the applications, we take the likelihood Py(y|z) = d(y — fo(z)) to be a deterministic function
with fy : R — R a non-linearity, e.g. fo(x) = sign(z) to generate binary labels.

The task: In our analysis, we are interested in the training and generalisation performance of a linear classifier
G = fol)=f (w v) trained on n independent samples D = {(v*, y")}i—1 from pg, by minimising the
regularised empirical risk:

n

A
W = arg min Zg(y“,wTv“> +§||w\|§ ) (A3)

weR4 p=1

where A > 0 is the regularisation strength. We define the sample complexity « = n/d and the aspect ratio
v =p/d.

Gibbs minimisation: As it was proven in Theorem | of the main manuscript, the asymptotic performance of
the estimator in eq. (A.3) is fully characterised by the following scalar parameters:
p= 10&1}907 m* = iegqna, ¢ = LT 0w (A.4)
p Vpd d
The replica method is precisely a heuristic tool allowing us to circumvent the high-dimensional estimation
problem defined in eq. (A.3) and giving us direct access to (m*, ¢*).
The starting point is to define the following Gibbs measure over weights w € R%:

U

1 Zg(y“w v )+3 Zw] 1 & _Bx
pp(dw) = Zﬁe #=1 =t Jdw = z, H Bo(ywTor) H > du; (A.5)
p=1 i=1

Py Py

Note that P; and P, can be interpreted as a (unormalised) likelihood and prior distribution respectively. In the
limit 8 — oo, the measure j153 concentrates around solutions of the minimisation in eq. (A.3). The aim in the
replica method is to compute the free energy density, defined as:

1
— — lim ~Eplog Z4. A.
Bfs Jim ~Eplog Z5 (A.6)
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A.1 Replica computation of the free energy
The average in eq. (A.6) is not straightforward due to the logarithm term. The replica method consists of

computing it using the following trick to get rid of the logarithm:

1
log Z3 = Tl_i)r61+ ;&Z/g (A7)

Averaging

Applying the trick above, the computation of the free energy density boils down to the evaluation of the averaged
replicated partition function:

Epzﬁ = H E(vﬂ yM H/ (y ‘vll a)

p=1

= H \/Rdy'u /Rp Peo(doo /Rdxr (HP dw ) kb vk
pn=1

() ML ()

a=1

()

(A.8)

Note that in the above we included an average over the parameters 8y € RP, which the deterministic case in
which this is fixed given by a point mass Py, = dg,. Focusing on the average term in brackets:

() M (A7)

- /Rdyﬂpo ylv) / (H AL P, (y#|A%) ) E uh k) [5 (yu - ”;;0> f[a <)\Z - ”M\'/g’a)]

a=1

<*) = ]E(u,v)

P(v,\)

Note that the term in brackets defines the joint density over (v, Aj)). It is easy to check that these are Gaussian
random variables with zero mean and covariance matrix given by:

yab — < P ma) . (A.9)

mo Qab
where the so-called overlap parameters (p, m®, Q) are related to the weights g, w

1
6, dw?, QP =E [)\z)\ﬂ = —w® Qu

1
p=E [1/2] = ZEHOT\IIGO’ m* =E [My,] = y

1
Vpd

We can therefore write the averaged replicated partition function as:

EDZZ;:H/dy“/RP Pa,(d6y) /Rm (HP (dw?) ) N (v, A%; 0, 5) (A.10)
p=1
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Rewriting as a saddle-point problem
The next step is to free the overlap parameters by introducing delta functions:

1 /deé (pp— GOT\IJHO) /R'r'ali[ldma 5 (mma _ OOT(I)w /Rm H dQ® § ( dQ® — w T Quw’ )

1<a<b<r

_/dpdp 960 000) / Hdm“dm i & e (VpAme—0] wur)
R T

— a=1 X
2T
d abd ab i Q“b(anb—w“Twa)
X / Q2 Q <a<b<r (Al‘l)
R™" j <a<b<r T
Inserting this in eq. (A.10) allow us to rewrite:
dpdp / L dmadme dQ™dQ™ 4
EpZl= | — _ _— A.12
D ﬁ /lé 27T r H 27T RrXT H 27T € ( )
= 1<a<b<r

where we have absorbed a —¢ factor in the integrals (this won’t matter since we will look to the saddle-point)
and defined the potential:

") = —ypp— 7Y mit — Y QUQY + a¥)(p,m?, Q) + ¥ (5,0, QP)  (A13)
a=1

1<a<b<r

where we recall that « = n/d, v = p/d and:

1 r 60 T WO+ i M0 dwr+ Y Q¥wT Quwb
v = glog/ Po, <d6’o)/d I Pu (qwye ot fRasher (A.14)
Rp R&T =1
wir zlog/dy/ dv Po(y|y)/HdAan(y\Aa)N(u, A% 0,%%) (A.15)
R R a=1

In the high-dimensional limit where d — oo while @« = n/d and vy = p/d stay finite, the integral in eq. (A.12)
concentrate around the values of the overlaps that extremise ®("), and therefore we can write:

Bfs = — lim ~extr ) ( a Q. p.m Q“b> (A.16)

r—0t 7

Replica symmetric ansatz

In order to proceed with the r — 0 limit, we restrict the extremisation above to the following replica symmetric
ansatz:

m® =m, m® = m, fora=1,...,r
A 1
Q" =r, Q‘m——if’, fora=1,...,r
QY =g, Q™" =g, forl<a<b<r (A.17)

Inserting this ansatz in eq. (A.13) allow us to explicitly take the » — 0T limit for each term. The first three terms
are straightforward to obtain. The limit of \Ilér) is cumbersome, but it common to many replica computations for
the generalised linear likelihood P,. We refer the curious reader to Appendix C of [42] or to Appendix IV of
[14] for details, and write the final result here:

2

m m
\II = lim “Ij( ) = IE:€~/\f(0,1) |:/ dy Zo (yv 7§,P - ) log Zg(ya \/agv V) (A.18)
R V4 q

G
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where we have defined V = r — ¢ and:
Zg/O(yawa V) = Ewa(w,V) [Pg/O(y|x)] . (A.19)

Note that as in [47], the consistency condition of the zeroth order term in the free energy fix p = Eg, [%HOT\POO}

and p = 0. On the other hand, the limit of the prior term here is exactly as the one discussed in Appendix C of
[39], and is given by:

1 1 : ) A
U, = lim 00 = K g, log / Py (dw) e~ 7w QwtwT (m®T00+4Q/%¢) (A.20)
R

roo+tr v d

Summary

The replica symmetric free energy density is simply given by:

1 1
fa= extr < ——ri— —qd+ /7y min—a¥,(r,m,q) — Y, (?,m,q) (A.21)
q,m,g,m 2 2
where
W, = lim “Egg, log / P (dw) e~ 5w Owtw (meT001g0 /%)
d—oo d R4
m m?
Uy =Eeno) | [ dv 20|y, —=&p— — ) log Z4(y, /4§, V) (A.22)
R Va q
A.2 Ridge regression and fixed weights
For an ¢s-regularisation term, we have:
1
Py(dw) = e~ 7 1wl gy (A.23)

(27)d/2

where we have included a convenient constant, and therefore:

/ P (dw)efngQw+wT(m¢T00+\/§Ql/2£) :/ di'we,%wr(B/\Id+vﬂ)w+wT(mqqooh@m/zg)
R v Rd (271-)11/2

exp (; (1070 + V32 2€) (53,+79) " (070, + v £)r>

= (A.24)
\/ det (ﬁAId + VQ)
taking the log and using log det = trlog, up to the limit:
1 . _ T ~oN-Ll/ _
N (m<1>T00 n \/691/25) (6>\Id + VQ) (mQJTHO n \/591/25)
2d
=L (BAI n VQ) (A.25)
27d I log d .

o~ N1
Defining the shorthand A = (6 Al + VQ) , we can now take the averages over & explicitly:
T
Ee {(mcfeo + \/591/25) A (mqﬁeo + chl/Qg)] — 120, TOAD T Gy + Gtr QY/2AQY?2  (A26)
Putting together, up to the limit:
1 ¥ 1 ~ 25T T S ¥ -1
Wy = — 5 trlog (BAId v VQ) 5ot (m 70,0, ® + qQ> (BAId + VQ) (A.27)
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A.3 Taking the 5 — oo limit

Finally, in order to take the 5 — oo limit explicitly, we note that under the rescaling
V- g7V q—q m—m
V = BV i— B% M — B (A.28)
The potential ¥, has a trivial limit:

Jim ;\pw - *2% trlog <)\Id + VQ) + 2—1d tr (quﬂeoag o+ qsz) ()\Id + VQ)% (A.29)

while ¥, requires more attention. Since Z, only depends on (g, m), it is invariant under the rescaling. On the
other hand, we have that:

Z,(y, /36 V) \[/ m 76 (o= fs) +g(y,w)} = o BMv gy, (V) (A.30)
where M is the Moreau envelope associated to the loss g:
Mog(y,)(2) = inf {(Z;fy +9(y, Z)} (A31)
and therefore:
m m2
Bl;n;o B\I/y = —Een(o,1) {/ dy 2 (y, ﬁﬁ,p - q) My gy, (\/65)] (A.32)

The zero temperature therefore is simply given by:
1~ 1/~ .
Jim Sy = extr §-VV - (qv - qv) + /A min+ aBe oy | [ dy Zo My
1 - 1 . \-1
+55 trlog ()\Id n VQ) — 5t (quﬂeoooT d 4 QQ) (Ald n VQ) }
(A.33)

A4 Saddle-point equations
To solve the extremisation problem defined by eq. (A.33), we search for vanishing gradient points of the potential.

This lead to a set of self-consistent saddle-point equations:

N -1
N — l
¥ = e [ dy Z0 01, v=lu(Na+ve) o

N2
= aE5 [J dy Z0/2] g=1ltr {(qQ + 20T 0,0] ) O ()\Id n VQ) } (A.34)
= E dy 0,2 N W -1
¢ i dy 2,20 Jo] m= 2 o7 6,0] ® (Ay+ Q)
where fo(y,w, V) = —0,My gy, (w), which can also be obtained from the proximal operator
C[(z—w)?
proXy g, .y (W) = arger]gm [2V +9(y,2) (A.35)

using the envelope theorem M ((x) = 77" (z — prox, ;(z)). A python implementation of the saddle-point
equations for the losses discussed below is available in [41].
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A.5 Examples

We now discuss a couple of examples in which the equations above simplify.
Ridge regression:  Consider a ridge regression task with fo(z) = f(x) =z, loss g(y,x) = %(y — )% and
choose §(y, ) = 4(y —)2. In this case, our model is closely related to the mismatched models in [ 1] and [25].
In the first, labels are generated in a higher-dimensional space which contains the features as a subspace, and can
be mapped to our model in the case p > d by defining the projection of the teacher weights in the student space
® 6y € R? and its orthogonal complement (<I>T00)J- € RP~4, In the second, the teacher acts on an orthogonal
subset of the features, and can be mapped with a similar construction to our model in the case p < d. These two
cases were studied for specific linear tasks, such as ridge and random features regression, with the covariances
modelling structure in the data. Conceptually, our model differs slightly in the sense that any additional fixed
feature layer, e.g. random projections or a pre-trained feature map, is also contained in the convariances.

For the linear task, the asymptotic training and generalisation errors read:

p+q-—2m*
train, = TV Egen. =P+ ¢ —2m” (A.36)

where p = %GJ PO, and (V*, g*, m*) are the fixed point of the following set of self-consistent equations:

V=lu (AId+VQ)_1Q

V=ry L
§=afiPe qg=2ltr {(QQ + 20" 6,0) ) O (Ald + VQ) ] : (A.37)
= Lo - -1
7T+ m= =% tr®T000] ® (g + VQ)
Note that quite interestingly we have the following relationship between the training and generalisation error:
E/‘*
Ebain, = A38
train. (1 + V*)Q ( )

This give us an interesting interpretation of V* as parametrising the variance gap between the generalisation and
training error’. In particular, note that VV* only depends on the spectrum of the population covariance, since it is
the solution of:

w
V= [ voldw)——— A.39
[ e (A39)
where vq is the spectral density of (.

Binary classification

For a binary classification task, we tak fo(z) = f(x) = sign(x) € {—1,1}. Our equations generalise the ones
derived [38] in the specific case of d = p and ¥ = I4, 8y ~ N(0,1;). For binary classification, the asymptotic
classification error Egen (W) = P (y # sign(#w " u)) can be explicitly writen is terms of the overlaps as:

1 *
Exen. = —cos”! (\/%) . (A.40)

where again (¢*, m*) are solutions of the self-consistent saddle-point equations. The teacher measure is given
by:

Zo(y,w,V) = % (1 +erf <\j’;v>> (A41)

The explicit form of the equation depends on the choice of the loss function, three of which are of particular
interest:

"We thank Stéphane d’ Ascoli for bringing this relation to our attention.
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Square-loss:  As in the ridge case, for g(y,z) = %(y — z)? the saddle-point equations simplify considerably:

~ ~ -1
V=2 V:étr(nﬁm) 0

1+g—2m,/ 2 ~ o\ T2
G=aiym g =4t | (a9 + @7 606] @) © (M + V) ] L (A4
A 2 _«a N ~ -1
=/ 5Ty m= =" T 0,0] @ (N + V)

Similarly, the asymptotic training error also admits a simple expression:

1+q¢ —2m* /%
1 ™
Efrain. = T v (A.43)

Logistic regression:  Different from the previous cases, for logistic loss g(y,z) = log (1 + e~ ¥*) the
equations for (V, ¢, 7h) cannot be integrated explicitly, since the proximal operator doesn’t admit a closed form
solution. Instead, f, can be found by solving the following self-consistent equation:

Y

= T (A.44)

fq
Note that this also allow us to express d,, f; = (2 cosh(%y(Vfg +w))) -2

Soft-margin regression:  Another useful case in which the proximal operator has a closed form solution is
for the hinge loss ¢(y, ) = max (0,1 — yx). In this case:

Y fwy<1-V
foly,w, V)= %52 fl-V<wy<l1, awfg(y,w,V):{
0 otherwise

—% fl-V<wy<l1

] (A.45)
0 otherwise

Again, the equations cannot be integrated explicitly. Note that in the limit A — 0, both the logistic and
soft-margin solutions converge to the max-margin estimator
A.6 Relation to previous models

Random features: The feature map for random features learning can be written as:

1
Pp:ucRP—sv=0|—Fu)|cR? A.46
g <¢E ) (A40)

where u € RP is the original data, F € R%** is a chosen random projection matrix and o : R — R is a
chosen non-linearity acting component-wise in R?, see [16]. Random features learning has attracted a lot of
interest recently, and has been studied in [11, 42, 38, 31] in the case of Gaussian data u ~ A (0, Ip). Our model
encompasses all of these works, and in the case of Gaussian data the covariancec (¥, 2, ®) can be explicitly
related to the projection matrix F:

FF'
U =1, ® = kyF, Q=ri141) + “%7 + K21y (A47)

where 1, € R? is the all-ones vector and the constants (kg, k1, £ are related to o as:

Ko = Eonon) [0(2)], K1 =Eonion) [20(2)], ke = \/JEZN Non [0(2)2] — K2 — K2 (A48)

These relations hold asymptotically, and rely on the Gaussian equivalence theorem (GET), see [39] for a proof.
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Generative models: In [39], a similar Gaussian covariate model was used to study the performance of random
feature regression on data generated from pre-trained generative models:

v=G(u) € RY, u ~ N(0,L,). (A.49)

where G : R? — R is a generative network mapping the latent space R” to the input space R? (e.g. a
pre-trained GAN). Labels were generated directly in the latent space R” using a generalised linear model on
random weights: y = fo (6 w) with uw ~ N(0,1,). A Gaussian Equivalence Principle (GEP) stating that the
asymptotic generalisation and training performances of this model are fully captured by second order statistics
was conjectured and shown to hold numerically for different choices of generative models G. Indeed, this model
is a particular case of ours when ¥ = I, and 6y ~ N/ (0,1,). Assuming that the GEP holds, our model therefore
can be seen as a generalisation of [39] to structured teachers. For instance, in Section 3.3 of the main we show
several cases in which the teacher u = G(c) for a latent vector ¢ ~ N(0,1;,) and a pre-trained map G that can
include a generative model and a fixed feature map (e.g. random features, scattering transform, pre-learned
neural network, etc.). Also, it is important to stress that our model also account for the case in which the teacher
weights 8y € RP are fixed, and therefore can be also learned.

Kernel methods: Let H be a Kernel Reproducing Hilbert space (RKHS) associated to a given kernel K
and D = {x/,y"}}/_, be a labelled data set with  ~ p, independently, and set X = supp(px). In Kernel
regression, the aim is to solve:

n

1 2 A
in | o f(at IFiL A50
i 3 2 " = 1)+ 5 11 (A50)
where || - || is the norm induced by the scalar product in . An alternative representation of this problem is

given by the feature decomposition of the kernel given by Mercer’s theorem:
o0
K(z, ') =) wei(x)ei(w) (A51)
i=1
where w; and e;(x) are the eigenvalues and eigenvectors associated with the kernel:

/R ) po(d’) K (z, 2" )ei(2) = wiei(x) (A.52)

Note that {e;(x)}2° form an orthonormal basis of the space of square-integrable functions L? (X') (with respect
to the standard scalar product of L?). It is also convenient to define the feature map ¢;(x) = ,/w;e;(z), which is
an orthonormal basis of H C L?(X’) (with respect to the scalar product induced by K). Therefore, if we assume
that the labels y* = fo(x*) are generated from a ground truth target function (not necessarely part of #), we
can expand both f and fj the feature basis:

f(x) = Zwi<ﬁi(w)7 fo(z) = Z%i%’(ﬂv) (A.53)

Note that f € H implies that for this sum to make sense w; needs to decay fast enough with respect to ,/w;,
but in general we can have fy ¢ H meaning that 06 decays slower than ,/w; but still fast enough such that
fo € L?(X). If the number of features is finite (w; = 0 for i > d) or if we introduce a cut-off d > n, | X,
the representation in the feature basis in eq. (A.53) allow us to rewrite Kernel regression problem in eq. (A.50)
simply as ridge regression in feature space:

1 2 A
min |5 37 (05 p(@) ~wleo(@)) + 5wl (A54)
pn=1
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Letting v = () € RY, this formulation is equivalent to our model with p = d and covariance matrices given
by:

U =& = Q = diag(w;). (A.55)

Indeed, inserting this expression equation (A.37):

d
_ 1 wi
V=3 2;1 AV
Ty — d . .
it g=4y Lt (A56)
A —2m bl - d 7002 . .
d 202
m="m wi%0i
d = M Vw;

and making a change of variables § < (2%2, m < fn%, Vo« (j%, p < dp, m < dm, q < dq, A\ < d)\ we
recover exactly the self-consistent equations of [37] for the performance of kernel ridge regression directly from
our equations. In Appendix B we show how to recover the results of [37] and [53] for the power law scaling of
the generalisation error in kernel ridge regression. Moreover, our model allow to generalise this discussion to
more involved kernel tasks such as kernel logistic regression and support vector machines.
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B Power law scaling for kernel regression

In this appendix we derive the scaling results from [53, 37] for the decay of the generalisation error in kernel
ridge regression directly from our framework.

As discussed in Appendix A.6, kernel ridge regression can be written as ridge regression in feature space,
see eqs. (A.56). Here, we are interested in understanding how the generalisation error depends on the decay
of the teacher weights and of the student covariance {2, in the case considered in [37, 53] where the student
dimension is infinity d = co.

We remind that in the kernel ridge regression case, the saddle point equations read:

“ =1
— 0y — & d . 5o s
{V =m = TV g= 1 Z qw§+9iwim2 (B 1)
h— o LTa=2m ’ —d O+ Vw;)2 ’ :
9= vy i=1 i
T+7) R
_ M w;0;
m = = <
d z; AVw;

where we have defined éi = Ggiwi for convenience, with w; being the ith eigenvalue of the student covariance 2.

In subsection B.1, we derive a pair of coupled self-consistent equations determining the generalization error g,
which we simplify in the d — oo limit in subsectionB.2 and extract therefrom the asymptotic behaviour for ¢4 in
subsection B.3 as n > 1.

B.1 Self-consistent equations for the generalization error

Define z = a%. Note that we can find a closed equation for z by combining the equations for (V, V):

A A 1SN Awi
z=a=—=a—(1+V)=+ = _— (B.2)
1% Ck( ) d; A+ Vw;
Therefore: J
z W
=+ 2= L B.3
z + - i:E 1 Ep (B.3)

The test error is given by €, = p + ¢ — 2m. Using the saddle-point equations (B.1), we can write:

1
69(73.2

g, " quZ2 + éiwian B 2fn9~iwi
A+ Vw)? A+ Vuwy

i=1
N2 . . - .
1 & (A V) + w2V e + V20w — 20,V (A + V)
= - _ (B.4)
® d ; (A + V)2
d 1 2772 25
1 atwiVie, + A0,
== Z — (B.5)
P A+ Vwy)

where in A(a) we simply used the equations for ¢, m and the definition of p and in (b) we used 1 = V and
G = a='V2¢,. Note that the right-hand side now only depends on the overlap V. Solving for ¢4 and writing
everything as a function of z = a\/V:

b
€= - . (B.6)



Equation (B.6) together with equation (B.3) make for a pair of coupled equations whose solution allows to
determine €,. As written, solving for (B.3) and (B.6) is not tractable. We show in subsection B.2 how the
expressions (B.3) and (B.6) simplify as the d — oo limit is taken. In subsection B.3, we further show how in the
n > 1 regime the asymptotic behaviour for the generalization error (B.6) can be extracted.

B.2 Limit of infinite student dimension

Now assume the following power law decay for the covariance {2 and the teacher 6:

w; =i, 0, =i %, (B.7)

i.e. the eigenvalues of (2 possess a power-law decay with exponent b, while the components of the teacher 6;
decay with exponent “5~. Note that ansatz (B.7) slightly differs from the one assumed in [37, 53] by a factor
d, resulting from dlffermg normalization conventions in the loss considered. Since labels y* = ﬁ@o - xt are

defined with a normalization v/d in the present work, the factor d is necessary in (B.7) to keep labels of O(1).
Then equation (B.6) can be simplified to

€ = " , (B.8)

which has a meaningful limit as d — co (with n, A kept fixed):

Zﬁ
¢ = =t U (B.9)

n iz
1 22 231 1+nz—1i—b)2
1=

In the same limit, the equation defining z (B.3) is amenable to being rewritten:

oo

z 1
A+ B.1
ALl (B.10)

B.3 Infinite sample limit and the scaling of the generalisation error

Consider now the limit n > 1 with A kept fixed. We can use a Riemann approximation to rewrite (B.10) in

integral form, for n > 1:
2\1-3 [ dz
zRA+ (ﬁ) /(Z)l/b T30 B.11)

Note that the scalings of z with respect to n differ according to the regularisation A, depending on which of
the two terms on the right hand side of equation (B.11) dominates. If the first \ term dommates then (B.1 1)

simplifies to z & ). For this to be self-consistent, we must have (z/n)!~ b~ (A/n)t~ b Nie n S AT =3
In the converse case where the second term in (B.11) dominates, z ~ n!~?. For this to consistently hold, one

1 . 1 C .
needs (z/n)'"% ~n'=b > X ie. n < A7, Therefore there exist in total two regimes:
1
e inthe n < A\ T regime, z ~ nl=b,

1
e inthen > A" -1 regime, z = .
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In the first regime, the numerator of ¢, reads possesses different scalings according to exponents a,b. if
2b—a > —1,

o
*—a,

- 1—a — (%)7(1 € l1—a
Z (14 nz=1i—b)2 o Z /1+m o). (B.12)

i=1 (1+( ) 0

If 2b — a < —1, it is no longer possible to write the Riemann sum as an integral, and

[ee) — n — o0 (1)_(1

1 1 1
; AT = ; T L pl-a ; g +"(%)T))2 = O(n~2). (B.13)
It is possible to similarly decompose the sum in the denominator to find
n — i~%
= Z T T =0(1). (B.14)
From this, it follows that:
g =0 <n*min<a*172b)) (B.15)

_1 . . .
By the same token, in the second n > A~ =T regime,provided 2b — @ > —1, one can write the numerator as a
Riemann sum:

- i AN\ T & (i(g)iyb_a ANE AN\ T T g2a -
SRR ) I R

=1

<.

,_.
VR
N
-~
—~
S>>
S—
=
~_
o
+
—
~—

In the 20 — a < —1 case,

< \ 1\ 2b—a

e’} i n% . a_ o0 ()b> 1

a i~ %

D TTn i 1+ nz1ib)2 :;m < ) Z; . (n> . (B.17)

=1

VR
VR
~
—
3>
SN—

o=
~
o
+
—
~_—

Upper and lower bounds can be straightfowardly found for the first sum and the following equivalence established

M

—2 2b—a —2
e Z = O(n7?), (B.18)
=1 1+

while the second sum is a Riemann sum of order O(nkTa) = o(n~2). Finally, the scaling of the sum in the
denominator is found along similar lines to be

;i—2b

n 1
22 Z (1+nzLli b2 O(n®") = o(1). (B.19)

Putting everything together,
min(a—1,2b)
g =0 (nfib = ) . (B.20)

The scaling exponents (B.15) and (B.20) are in agreement with those derived through other means in [37].
(B.15) recovers the exponents derived using Fourier analysis in [52], with a = %, b = < in their notations.
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C Rigorous proof of the Main result

In this Appendix, we discuss the complete proof of Theorem 1 and 2 using the Gaussian comparison Theorem 4.

C.1 Necessary assumptions

We start with a list of the necessary assumptions for our result to hold. We also briefly discuss how they are
relevant in a supervised machine learning context.

(A1) The vector 6y is pulled from any given distribution pg, € RP with sub-Gaussian one dimensional marginals
(this includes deterministic vectors with bounded norm), and is independent of the matrices U and V.
Additionally, the signal is non-vanishing and has finite energy, i.e. the following holds almost surely:

) 64 6o
lim 0 < E < 400 (C.1)
p—)OO p
(A2) The covariance matrices verify:
(T, Q) esftxSit, Q-0 '® =0 (C.2)

Additionally, the spectral distributions of the matrices ®, ¥ and {2 converge to distributions with almost
surely bounded eigenvalues.

(A3) The functions r and g are proper, lower semi-continuous, convex functions. Additionally, we assume that
the cost function r + g is coercive, i.e.:

lim (r+g)(w) =400 (C.3)
[wlly—+o0
and that the following scaling condition holds : for all n,d € N,z € R" and any constant ¢ > 0, there
exist finite, positive constants C', Co, C'3, such that, for any standard normal random vectors h € R? and
g € R™

1 1
lals < eV = sup [lxl, < Civin GEp(] <too,  TElg()] <o (€4
xcdg(z

(A4) The random elements of the function fy are independent of the matrices U and V. Additionally the
following limit exists and is finite

1
nh—>H;oE ;fo(er)Tfo(er) < +00

(A5) When we send the dimensions n, p, d to infinity, they grow with finite ratios & = n/d, v = p/d.

(A6) Additional assumptions for linear finite sample size rates : the functions 7, g, ¢1, @2 are pseudo-
Lipschitz of finite order. The eigenvalues of the covariance matrices are bounded with probability one.

(A7) Additional assumptions for exponential finite sample size rates: the loss function g is separable and
pseudo-Lipschitz of order 2, the regularisation is either a ridge or a Lipschitz function, the functions ¢1, ¢
are respectively separable, pseudo-Lipschitz of order 2, and a square or Lipschitz function.

The first assumption (A1) simply ensures that the teacher distribution is non-trivial and has a non-vanishing
structure. The positive definiteness in (A2) means the covariance matrices of the blocks U and V are well-
specified. Note that the cross-correlation matrix ® can have singular values equal to zero. The assumption about
the limiting spectral distribution is a classical one in random matrix theory and ensures that the eigenvalues are
almost surely non-diverging. The scaling assumptions from (A3) are natural as they imply that non-diverging
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inputs result in non-diverging outputs in the functions f and g, as well as the sub-differentials. Similar scaling
assumptions are encountered in proofs such as [20]. They also allow to show Gaussian concentration of Moreau
envelopes, as we will see in Lemma 5. The coercivity assumption is verified in most common machine learning
setups : any convex loss with ridge regularisation, or any convex loss that is bounded below with a coercive
regularisation, see Corollary 11.15 from [64]. Most machine learning setups of interest are thus included :
ridge regularized classification or regression, LASSO, log-barrier regularisation, etc... An important remark
is the case of unregularised minimisation problems which can be non-coercive. A typical example would be
the plain logistic regression with no penalty, where a phase transition in the existence of a minimiser can be
observed. This is recovered by taking the limit of vanishing regularisation parameter in the expressions obtained
here. Assumption (A4) is a classical assumption of teacher-student setups, where any correlation between the
teacher and the student is modeled by the covariance matrices and not by the label generating function f. The
summability condition ensures generalization error is well-defined for squared performance measures. Finally,
(A5) is the typical high-dimensional limit used in statistical physics of learning, random matrix theory and a
large recent body of work in high-dimensional statistical learning.

C.2 Theoretical toolbox

Here we remind a few known results that are used throughout the proof. We also provide proofs of useful,
straightforward consequences of theses results that do not appear explicitly in the literature for completeness.
C.2.1 A Gaussian comparison theorem

We start with the Convex Gaussian Min-max Theorem, as presented in [26], which is a tight version of an
inequality initially derived in [20].

Theorem 4. (CGMT) Let G € R™*"™ be an i.i.d. standard normal matrix and g € R™, h € R" two i.i.d.
standard normal vectors independent of one another. Let Sy, Sy be two compact sets such that Sy, C R™ and
Su C R™. Consider the two following optimization problems for any continuous 1) on Sy, X Sy :

- : T
C(G) = Iin maxu Gw + ¢(w,u), (C.5)
C(g.h) := min max [wllog " u+ [ull,h"w 4 (w, u) (C.6)

then the following holds:

1. Forall c € R:
P(C(G) < ¢) < 2P(C(g,h) < o)

2. Further assume that Sy, , Sy are convex sets and 1) is convex-concave on Sy, X Sy. Then, for all c € R,
P(C(G) > ¢) < 2P(C(g,h) > ¢)
In particular, for all p € R, t > 0,P(|C(G) — u| > t) < 2P(|C(g,h) — u| > t).

Following [26], we will say that any reformulation of a target problem matching the form of (C.5) is an
acceptable primary optimization problem (PO), and the corresponding form (C.6) is an acceptable auxiliary
problem (AO). The main idea of this approach is to study the asymptotic properties of the (PO) by studying the
simpler (AO).

C.2.2 Proximal operators and Moreau envelopes : differentials and useful functions

Here we remind the definition and some important properties of Moreau envelopes and proximal operators, key
elements of convex analysis. Other properties will be used throughout the proof but at less crucial stages, thus
we don’t remind them explicitly. Our main reference for these properties will be [64].
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Consider a closed, proper function f such that dom(f)C R"™. Its Moreau envelope and proximal operator are
respectively defined by :

1 1
Moy(x) = min {F@) + -lx—zll},  prox,;(x) = argmin{f(z) + —[x =[5} (€7

zedom(f) zedom(f)

As reminded in [20], the Moreau envelope is jointly convex in (7, x) and differentiable almost everywhere, with
gradients:

1
ViMrp(x) = ;(x — prox, ¢(x)) (C.8)
0 1
5-Mrp(x) = —5 5 [x — prox, (x| (C.9)

We remind that prox._ ; (x) is the unique point which solves the strongly convex optimization problem defining
the Moreau envelope, i.e.:

1 2
Mzp(x) = f(prox, (x)) + EHX — prox, ¢(x) H2 (C.10)
We also remind the definition of order k pseudo-Lipschitz function.

Definition 2. Pseudo-Lipschitz function For k € N* and any n,m € N*, a function ¢ : R™ — R™ is called a
pseudo-Lipschitz of order k if there exists a constant L(k) such that for any x,y € R",

660 = &(3)lly < Lk) (14 (Ixcly)* ™ + (v 1)) 1 =y, (1)

We now give some further properties with straightforward proofs that will be helpful throughout the proof.

Lemma 2. (Moreau envelope of pseudo-Lipschitz function) Consider a proper, lower-semicontinuous, convex,
pseudo-Lipschitz function f : R™ — R of order k. Then its Moreau envelope is also pseudo-Lipschitz of order k.

Proof of Lemma 2: For any X,y in dom( f), we have, using the pseudo-Lipschitz property:

#ro0x ) = Srox )] < 20 (14 (orox,09,) + (oxy0l,) ) e
lprox. (x) = prox.; ()]l
<L) (14 ()" + (vl ) i = vl (C.13)

where the second line follows immediately with the same constant L(k) owing to the firm-nonexpansiveness of
the proximal operator. Furthermore

[ = prox, ;(x)|5 — ||y — prox, ; (y)|; =
7|0 (prox, s (x)) + O f (prox, ¢ (y ))H(X—PTOXTf( ) =y + prox, ;(y))|
< 7|0 f (prox, ;(x)) + 8 (prox, 4 H | (x — prox, () — y—i—profo(y))Hz (C.14)

due to the pseudo-Lipschitz property, one has
k-1
df (prox, ;(x)) < L(k) (1 + 2||prox, ,(x) |1 ) (C.15)

This, along with the firm-nonexpansiveness of Id — prox, concludes the proof. O
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Lemma 3. (Useful functions) For any x € R", 7 > 0,0 € R and any proper, convex lower semi-continuous
Sfunction f, define the following functions:

hi:R—R

0 — prrofo(‘)(Qx) (C.16)
hg :R—>R

1 2

T ﬁHx—profo(.)(x)H2 (C.17)

h3:R—=R
x |2

T Hproxé(.)(;)H2 (C.18)
h4 :R—>R

T Hx—profo(x)Hz (C.19)

hy is nondecreasing, and hs, hs, hy are nonincreasing.

Proof of Lemma 3: For any 0, 6 € R:

(0 — 8)(h1(8) — h1(8)) = (6x — x) T (profoO(t‘)x) - profo(‘)(éx))
~ 2
> ’ prox, () (6x) — profo(v)(Gx)H2
>0 (C.20)

where the inequality comes from the firm non-expansiveness of the proximal operator. Thus A is nondecreasing.
Since the Moreau envelope M ¢(x) is convex in 7, we have, for any 7, 7 in R4 4.

0 0

(r—17) <aTMTf(X) - a7~_M%f<X)> >0, — (1 —7) (ha(F) — ha(7)) = 0 (C21)

which implies that A9 is non-increasing.
Using the Moreau decomposition, see e.g. [0+], we have:

1 X

o= e (oo () ()} e

which is a nonincreasing function of 7. Since f is convex, we can restart this short process with the conjugate of
f to obtain the desired result. Thus h3 is nonincreasing and (7 — 7)(hs(7) — h3(7)) < 0.
Moving to hy4, proving that it is nonincreasing is equivalent to proving that the following function is increasing

hs(T) = profo(x)—r (2x — prox, ;(x)) (C.23)

using the Moreau decomposition again

x\\ " X
hs(1) = (x — TPIox s= (7)) (x + Tprox = (—)) (C.29)
T T T T
then, for any 7,7 in R :
~ - ~ -9 X 2 9 X 2
(7 = F)hs(7) = ha(7) = (7 = 7) (#¥||prox = (Z) [ = 7*prox = ()] (C.25)
= \T/ll2 = \1/ll2
separating the cases 7 < 7 and 7 > 7, and using the result on A3 then gives the desired result. O

The following inequality is similar to one that appeared in one-dimensional form in [26].
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Lemma 4. (A useful inequality) For any proper, lower semi-continuous convex function f, any x,X in dom(f),
and any v,7 € R4, the following holds:

(proxs (%) —proch(x))—r (; - % - % <’}y - ,17) (proxs (%) —l—proch(x)))
> (21’7 + 217> H (prox;/f(fc) —proxvf(x)) H; (C.26)

Proof of Lemma 4 : the subdifferential of a proper convex function is a monotone operator, thus:

(proxw(fi) - proch(x))T (8f(proxw (%)) — af(proxvf(x))) >0 (C.27)

additionally, prox., ¢(x) = (Id + ~0f) ™t (x), hence:

df (proxs ¢ (%)) — df (prox, ;(x)) = (: — % — =Pprox;(X) + proxwp(x)>
— ;:( S %prox;y(fc) + %proxvf(x) - % (; — i) (proxs 4 (%) + prox, ;(x))
1

= (-2 (22 (ronsy 30+ prow ) ) = (5 + 5 ) (orons 30 — prow, ) (€28

which gives the desired inequality. 0

C.2.3 Useful concentration of measure elements
We begin by reminding the Gaussian-Poincaré inequality, see e.g. [65].

Proposition 1. (Gaussian Poincaré inequality)
Let g € R" be a N(0,1,,) random vector. Then for any continuous, weakly differentiable p, there exists a
constant ¢ such that:

Varig(g)] < E [|Ve(g)l3] (C29)

We now use this previous result to show Gaussian concentration of Moreau envelopes of appropriately scaled
convex functions.

Lemma 5. (Gaussian concentration of Moreau envelopes)

Consider a proper, convex function f : R™ — R verifying the scaling conditions of Assumptions C.I and let
g € R" be a standard normal random vector. Then, for any parameter T > 0 and any € > 0, there exists a
constant c such that the following holds:

P <’ 1Mff(.)(g) -E [

n

1

n

N

Mrf(,)(g)] ‘ > 6> (C.30)

Proof of Lemma 5:

We start by showing that the Moreau envelope of a proper, convex function f : R™ — R verifying the
scaling conditions of Assumptions C.1 is integrable with respect to the Gaussian measure. Using the convexity
of the optimization problem defining the Moreau envelope, and the fact that f is proper, there exists zg € R"
and a finite constant /C such that :

1 1 1 )
- < = = _
nMTf(.)(g) < nf(zo) + 2nTHZo gll5

1 2
< + — — 31
IC HZO gH2 (C 3 )
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where the second line is clearly intergable under a multivariate Gaussian measure. Then, using Proposition 1, we
get:
n

1
Var [ MTﬂ_)(g)} < SE|[VaMesy )3 (C.32)

— CQE [Hi (z — prox,¢(g))

n 2

2
] (C.33)

Using Proposition 12.27 and Corollary 4.3 from [64], g — z — prox.. f(g) is firmly non-expansive and:

2 C
Hg — prox,¢(g) H2 < (glg — prox, ¢(g)) which implies (C.34)
Hg — prox, (g) H; < ||g\|§ using the Cauchy-Schwarz inequality (C.35)
then
1 | c 9 c
Var | =M, <L E [ } - C.36
ar | 2 Moy 8)] < el = -5 (30

Chebyshev’s inequality then gives, for any € > 0:
1
“(

1
—M:)(g) —E M'rf(.)(g>] ‘ > €> <
n n

Gaussian concentration of pseudo-Lipschitz functions of finite order can also be proven using the Gaussian
Poincaré inequality to yield a bound similar to the one obtained for Moreau envelopes. We thus give the result
without proof:

(C.37)

O

Lemma 6. (Concentration of pseudo-Lipschitz functions) Consider a pseudo-Lipschitz function of finite order k,
f:R™ — R. Then for any vector g ~ N (0,1,,) and any ¢ > 0, there exists a constant C(k) > 0 such that

P (‘;ﬂg) ~E|1/®) ] > ) < HUCH ©38)

We now cite an exponential concentration lemma for separable, pseudo-Lipschitz functions of order 2, taken
from [66].

Lemma 7. (Lemma B.5 from [00]) Consider a separable, pseudo-Lipschitz function of order 2, f : R™ — R.
Then for any vector g ~ N(0,1,,) and any € > 0, there exists constants C, ¢, > 0 such that

2

P (‘lf (g) —E {11” (g)} > de) < Ceene (C.39)
n n

C.3 Determining a candidate primary problem, auxiliary problem and its solution.

We start with a reformulation of the problem (1.2-1.3) in order to obtain an acceptable primary problem in the
framework of Theorem 4. Partitioning the Gaussian distribution, we can rewrite the matrices U and V in the
following way, introducing the standard normal vector:

m € RPH o N(0, 1) (C.40)

We can then rewrite the vectors u, v and matrices U, V as:
u=U"%a, U=AUY? (C.41)
v=0 w12 (Q - @T@—l@)m b, V=A0"12¢ 1B (Q - @T@—l@) 2 (C.42)

31



where the matrices A and B have independent standard normal entries and are independent of 6y. The learning
problem then becomes equivalent to :

1
Generate labels accordingto : 'y = fy (A\Ifl/ 290> (C.43)
VP
: : 1 -1/2 To-1a) ">
Learn according to : argming ﬁ AU-12% 4+ B (Q -®' v <I>) w,y | +r(w) (C.44)
w
We are then interested in the optimal cost of the following problem

1 1 ~1/2 To-1a) ">
min [g (Ja <A\IJ 1B (Q —o'v <1>) ) w,y) + r(w)] (C.45)

Introducing the auxiliary variable z:

1/2
min g <\}3 (A\I/1/2¢> +B (Q - <I>T\1/*1<I>) / ) W,y) +7(w) (C.46)
<= ming (z,y) + r(w)
_ i —1/2 _ T.,—1 1/2
stz = \/a<A\IJ <1>+B(Q T <I>> w (C.47)

Introducing the corresponding Lagrange multiplier A € R™ and using strong duality, the problem is equivalent
to :

1/2
IVI‘llglm)E‘iX }\T\}g <A\IJ_1/2(I) +B (Q _ (I)T\I’_I(I)> ) —_— )\TZ + g(z,y) + ’I"(W) (C.48)

In the remainder of the proof, the preceding cost function will be denoted

1/2
C(w,z) = max AT (A\I/1/2<I> +B (Q - @Tqucb) / ) w—Az+g(zy)+r(w)  (C49)

Vd
such that the problem reads miny, , C(w,z). Theorem 4 requires working with compact feasibility sets.
Adopting similar approaches to the ones from [26, 3 1], the next lemma shows that the optimization problem

(C.48) can be equivalently recast as one over compact sets.

Lemma 8. (Compactness of feasibility set) Let w*,z*, A\* be optimal in (C.48). Then there exists positive
constants Cy,, Cy, and Cy, such that

P (Iwlly < Cuvd) =21, P(ll2'lly < Cuv/n) == 1, P(INl, < Cavin) —— 1 (€50)

Proof of Lemma 8: consider the initial minimisation problem:

1
W = arg min g (VW, y) +r(w) (C.51)
weRd \/g
From assumption (A3), the cost function g + r is coercive, proper and lower semi-continuous. Since it is proper,

there exists wo € R such that g (ﬁVw, y) + r(w) € R. The coercivity implies that there exists 7 €]0, +00][
such that, for every w € R? satisfying |w — wo|| > 7, ¢ (ﬁVw,y) +r(w) =g (ﬁVwo,y) + r(wo).
Let S = {w € R?|||w —wo|| < n}. Then SNR? # () and S is compact. Then, there exists w* € S
such that g (%VW*,}’) + r(w*) = infwesyg (%Vw,y) +r(w) <y (%Vwo,y) + f(wp). Thus
g (ﬁ\/w*, y) +r(w*) € inf,cpayg (ﬁ\/w, y) + r(w) and the set of minimisers is bounded. Closure is
immediately checked by considering a sequence of minimisers converging to w*.
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We conclude that the set of minimisers of problem (C.51) is a non-empy compact set. Then there exists a constant
C independent of the dimension d, such that:

[wll, < CwVd (C52)

Now consider the equivalent formulation of problem (C.51):

. 1
minmax\' —

min me \/&Vw X'z +g(z,y)+r(w) (C.53)

Its optimality condition reads :

1 1
Va: —=Vw =z, Vz:A€dg(z,y), Vw: —=VIAeor(w C.54
s 9(2,y) 7 (w) (C.54)
The optimality condition in A gives:
lol, < | 757] 1
Zllo < || — w
2 \/& op 2
1 1/2
<||l—= (A0 20+ B(Q-0TU 1o ) w
1 1/2 1
< H\I/‘1/2<I> A +H Q-0 v e — Bl ||w C.55
o2 I I W i R IR

According to assumption (A2), the operator norms of the matrices involving the covariance matrices are almost

surely bounded whatever the dimensions and using established results on random matrices, see e.g. [07], the

operator norms of ﬁA and ﬁB are bounded by finite constants with high probability when the dimensions go

to infinity. Thus there exists a constant Cy also independent of d such that:
P
P (||zll, < Czv/n) —— 1 (C.56)
n—oo
Finally, the scaling condition from assumption (A3) directly shows that there exists a constant C'y such that
P (| All, < Cavn) —— 1 (C.57)
n—oo
This concludes the proof of Lemma 8. O

Defining the sets Sy = {w € RY|||w|, < CwVd},S, = {z € R"|||z]|, < Cpy/n}and Sy = {X €
R™|[|Ally < Cxy/n}, the optimization problem can now be reduced to:

1 1/2
. T L ~1/2 _aTg-1 T
welin_ )I\Ié%}i A 7 <A\I/ ¢+ B (Q ARG <I>> ) w—Xz+g(zYy)+r(w) (C.58)

The rest of this section can then be summarized by the following lemma, the proof of which shows how to
find an acceptable (PO) for problem (C.58), the corresponding (AO) and how to reduce the (AO) to a scalar
optimization problem. An extra assumption is needed at this point, which will be relaxed at the end of the proof :

(B1) the distribution of the teacher vector 6 is a point mass in RP, i.e. it is a deterministic vector.

Lemma 9. (Scalar equivalent problem) In the framework of Theorem 4, acceptable (AO)s of problem (C.58)
can be reduced to the following scalar optimization problems

For 0 ¢ Ker(®") : max min &,((, 72, k,n,v,m) (C.59)
"{/7U77—2 m77]77-1

For 0y € Ker(®") : maxmin EX(r1, 12, k, 1) (C.60)
K, T2 1,T1
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where

En(11, T2, KM, v, M) = % — % + mu\/y — %m? — 277_72d(1/v + kQL/2 )TQ—l(yV + HQI/Qg)
— kg <21/2 91/2) ﬁv + 1/\/l T LI +nh | + 1/\/l 1 (Q-1/2 A (Vﬂ_l/zv + Iig)
||V||2 d ?Q(w)’) \/,5 d ET(Q 2 T
(C.61)
0 o2 kT 1 1 n n 9 T
En(T1, 72, K, 1) = 5 T T QM%g(.,y)(nh) + gM%f(Q—l/Q.)(gHg) T 9,478 8 (C.62)
and .
1
D=0-"" v=0T9, p=-6] 06, (C.63)
pD p

Proof of Lemma 9: We need to find an i.i.d. Gaussian matrix independent from the rest of the problem in
order to use Theorem 4. We thus decompose the mixing matrix A by taking conditional expectations w.r.t. y,
which amounts to conditioning on a linear subset of the Gaussian space generated by A. Dropping the feasibility
sets for confort of notation in the following lines:

W,z A \/g
—A'z+g(z,y)+r(w) (C.64)

1/2
minmax AT —= <(]E [Aly] + A—E[Aly) T~V + B (Q - ch\Irlcb) / ) w

= winmgen” - ((E[4149200] + 4~ 5 [4140%0,]) w20 4 5 (0 - 0w e) ) w

~ ATz +g(z,y) +r(w) (C.65)

Conditioning in Gaussian spaces amounts to doing orthogonal projections. Denoting 6y = U'/20) and A a copy
of A independent of y, the minimisation problem then becomes:

] 1 . _ _ 1/2
%}Emixx)\—rﬁ <(AP§0 + APgO) 29+ B (Q —o'w I‘P) > w-A'z+ 9(z,y) +r(w)

(C.66)
— minmax AT AP, U 0w + AT AP U 20w + AT =B (2-0Tu o) P
A SV Vi o Vi
A"z +g(z,y) +r(w) (C.67)
+ 16 1/2 T L g —1/2 T Ty 1/2
<= minmax A —s——V~ Pow + A —AP \IJ Pow + A —B(Q o <I)> w
N G
A"z +g(z,y) +r(w) (C.68)
where we used P Gy = |T00||2 and s = Aﬁ. Knowing that A, B are independent standard Gaussian matrices,
Oll2

and independent from Ay, fo, we can rewrite the problem as :

0
min max)\ dw + )\T—ZEUQW Az+ g9(z,y) +r(w (C.69)
W,z \/> H\I}l/ZOOH \/& ( ) ( )

where Y = @TU-1V2PL 0120 + Q- d U 1d =Q—dTU1/2P, U—1/2, and Z is a standard Gaussian
) o

matrix independent of Ay, fo. Recall p = %OOT W6y from the main text. Replacing with the expression of 6o
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and letting v = ® ' @, we have

6,0, @
N =0—¢ U 126,8, v 1/26137 =0 w (C.70)
0, o,
00 0
-
—q_-v (C.71)
bp
The problem then becomes
v’ Tl e T
min max)\ —s w4+ —=Z5 7w —-A'z+g(z,y)+r(w) (C.72)

W,z Vap o Vd

Two cases must now be considered, 6y ¢ Ker(¢') and 6y € Ker(¢"). Another possible case is ® = 0,4,
however it leads to the same steps as the case 8y € Ker(® ).

Case 1: 6y ¢ Ker(® )

It is tempting to invert the matrix $'/2 to make the change of variable w;, = Y'/2w and continue the
calculation. However there is no guarantee that 3 is invertible : it is only semi-positive definite. Taking identities
everywhere gives for examples Pg which coupled optimization problems in the rest of the computation.:

0

oT
min max A —s—w + )\T—Z ~Az+ z,y)+r(w)+ T (El/zw - ) (C.73)
un mas AN N 9(z,y) +r(W) +p p

Here the minimisation on f and g is linked by the bilinear form A "sv ' w. We wish to separate them in order for

the Moreau envelopes to appear later on in simple fashion. To do so, we introduce the orthogonal decomposition

of w on the direction of v:

——v+w, wherew, Lv
vl

my/d 1 T

= HVHS V+WL wherem:ﬁv w (C.74)

where the parameter m corresponds to the one defined in (2.5). This gives the following, after introducing the
scalar Lagrange multiplier » € R to enforce the constraint w L v. Note that several methods can be used to
express the orthogonality constraint, as in e.g. [2 1], but the one chosen here allows to complete the proof and
match the replica prediction. Reintroducing the normalization, we then have the equivalent form for (C.45):

1 Tm T T m\/dp
min max — | A s+ A —Zm ANz+g(z,y)+r vV+w
o ,pwd[ N =) <||v|§

+ [,LT <El/2 (TTL\/'d;pv + Wl> — p> — I/VTWL:| (C.75)
Vil2

A straightforward follow-up of the previous equations shows that the feasibility set now reads :

Smw . Zp Ay :{m ERw, R ZER  peRLAER, pe R v ER]

2
W
w2 R < 6 ], < oV [l < e (572 CuV, [N, < Cav }
(C.76)
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where the boundedness of ||p||, follows immediately from the assumptions on the covariance matrices and
Lemma 8. We denote S, = {p € R%|||p|l, < Cp} for some constant Cp > T pnaz(X?)Cyy.

The set S, x S is compact and the matrix Z is independent of all other random quantities of the prob-
lem, thus problem (C.75) is an acceptable (PO). We can now write the auxiliary optimization problem (AO)
corresponding to the primary one (C.75), dropping the feasibility sets again for convenience:

_ 1 ma/dp
min max (AT s + A + h'"A- ATz +g(z,y) +r v+w
mw |,z ,p)\u7yd|: \/p \fH HQg p \/g”pHQ g( y) 3 n

+u’ (21/2 (m\/‘?pv + wl> — p> — uvaL] (C.77)

vz

‘We now turn to the simplification of this problem.

The variable A only appears in linear terms, we can thus directly optimize over its direction, introducing

the positive scalar variable x = ||A||,/V/d:
m+/dp
+9(Z7Y)+T< +WL>
VP 2 IvIi3

+u’ (21/2 <77|T\/||61?v + wL> — p) - uvaL] (C.78)
Vila

/s + |Ip|l,h — Vdz

1
min max — |Kg p—|—n
MW 1 ,Z,P K[V

The previous expression may not be convex-concave because of the term ||p||,h. However, it was shown in
[26] that the order of the min and max can still be inverted in this case, because of the convexity of the original
problem. As the proof would be very similar, we do not reproduce it. Inverting the max-min order and performing
the linear optimization on p with = ||p||,/V/d:

max min

M+ REg H
m,p,ym,wl,z,n{ f” ||2 f f 2
+ ! {g(z,y) +r (m\/@ww ) +p'nl? ( \/%v—}—WL) - Z/VTWL]} (C.79)

s+nh—z

2
d vl VI3
2
using the following representation of the norm, as in [20], for any vector ¢, |||, = min,~q § + H;ﬂz:
KTL 0T 2
max  min —_— - ||u+ g||2+— —s—i—nh—z
KoV, T2 MW 2T 2 2 0
1 my/d ma/d,
+d{g(z,y)+r 2pv+wl —|—uT21/2 72pv—|—wl —VVTWL:|}
Ivll2 Ivil2

performing the minimisation over z and recognizing the Moreau envelope of g(.,y):

KTl N7 1

. m n 2
M Y A O i h) -
i {7 M () = gl el
1 Vvd my/d
{T <m pV+WJ_> +“T21/2 ( pV+WJ_> —VVTWJ_]} (C.81)

J 2
dl\ vl VI3
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At this point we have a convex-concave problem. Inverting the min-max order, p appears in a well defined
strictly convex least-square problem.

b A 1 m VT 1 (mvdp
B e 2 2 T ey <ﬁs+"h) av T dr< g T
1 m+/d
+ = max{ — ||+ g i+ p 2V [ DV 4w (C.82)
d w 27 Ivl2

Solving it:

m

d
= %21/2 (m 2pv+wl> — kg
2
$1/2 <m <12pV+WL> _ kg 12 (WC?I’VJFWL) (C.83)
U VI3 9 v

remembering that ¥ = Q — vv ' /(pp) and w, L v, the optimal cost of this least-square problem simplifies to:

ma/d
max{—;jnwfzg@ + T ( pv+m>}
2 A%

2
/7 2 Vo
c*:z 0L/2 m CéperwL —m—d —/@gTZl/2 m dev+wl (C.84)
2n vl P VIl
2
The (AO) then reads :

max 1min { - — 4+ -Mn
1 T2

R,V,T2 MW | ,1,T1
d d
+ =r 2pV+WJ_ + —=||0l/? m 2pV+WJ_
d\ vl 2nd VI3

We now need to solve in w . To do so, we can replace r with its convex conjugate and solve the least-square
problem in w . This will lead to a Moreau envelope of r* in the introduced dual variable, which can be linked

to the Moreau envelope of r by Moreau decomposition. Intuitively, it is natural to think that the corresponding
m+/dp

2
_EgTyir2 (m dpv—l—WJ_) } (C.85)

2
) vl

primal variable will be TR + w = w for any feasible m, w . However, we would like to have an explicit
2
follow-up of the variables we optimize on, as we had for the Moreau envelpe of g which is defined with z, so we
prefer to introduce a slack variable w’ = mlv'ép v + w with corresponding dual parameter 77 to show that the
2

(AO) can be reformulated in terms of the original variable w. Note that the feasibility set on w’ is almost surely
compact.

2

. kTp nrp 1 m 1 , 1 7, mm
N A Ry Y - h - _ - _ et
Kﬁgz)fnm7wir}$7n771 5 5 + dM?lg(.’y) <\/ps+77 >+ dr(w) gmv 20 p
2
d; Vd 1 Vd,
“OvTw 4 2oy (B ZpV‘l'WL R 2pV‘|'WL +onT (2 2pV+WL
d 2nd vl , Ivll2 d vl

(C.86)
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Isolating the terms depending on w | , we get a strictly convex least-square problem, remembering that () € SJJF:

. kTt N2 1 m 1 N 1, mm T m4/K2
A R - h il _Z _ 2
Hgl,g;fnm,wlf,lg}mm 2 2 +dM71g("y) (WS-FU >+ dT(W) anv 2n p +"7 ||V||2
2
d 1
kg B2 IV—ZVTWJ_-I—E 2 (TTL\/?V"‘WJ_) —EgTEl/QWL+*nTWL (C.87)
vl d 2nd vl , @ d
.k Ty 1 m 1,01 Ty 9 m? Tm\ﬁ
M A Y - h - _Z 2
e 22 *dMM-vy)(mS” ) )= gt = I¥13
2
d
TEI/Q \/>V+ [ 2 QI/Q (m 2pV+WJ_> _WI (/@El/2g—n+uv>} (C.88)
V" dl w2y Vi3 2

The quantity g ' /2w | is a Gaussian random variable with variance | 22w, Hi =w [ (Q—vvT/(pp))w, =
w, OQw, = HQl/ 2w H; using the expression of X and the orthogonality of w with respect to v. We can thus

change %1/ for Q1/2 in front of w; combined with g. The least-square problem, its solution and optimal cost
then read:

’/ 2
min -2 |[Q1/2 (m v—l—wL> —WI (/{Ql/Qg— 17+I/V) (C.89)
wi 2n VI3 2
wi = 1ot (HQl/Qg o+ yv) _mvd (C.90)
T2 ||V||
T —
with optimal cost — 21 (le/Qg -n+ zxv) 0! (/@Ql/Qg -n+ yv) + WJ Hciva (/@Qlﬂg -n+ I/V)
) vil;
(C.91)

replacing in the (AO) and simplifying :

kT nmp 1 1 o, 7m?

<= ma min +-M M sy ph) + 17'(w’) w
X — - =+ M- — = - = - =
K T2 mow! i, 2 2 d’wely) VP K d d" 2n p

(EUQ Q1/2> TV\( 27Zd (/@Qlﬁg —-n+ VV)T ot (an/zg -n+ Vv) +muy/y (C92)

Another strictly convex least-square problem appears on 1), the solution and optimal value of which read

n* = —%QW’ + (kQY2g + vv) (C.93)
with optimal cost %WITQW/ —w'T (kY 2g + vv) (C.94)

At this point we have expressed feasible solutions of 17, w | as functions of the remaining variables. For any
feasible solution in those variables, w and w’ are the same. Replacing in the (AO) and a completion of squares
leads to

S n%“}l W % +muy/y — ;—;m? - %Qd(uv + k7 20) T (wv + QY 2g)
2

T (21/2 91/2) myy in { r(w') + 2 |0Y2w' — Lo 12y 1 kg)) (C.95)
VI w N 72 2

38



Recognizing the Moreau envelope of f and introducing the variable w = O2w' = Q2w it follows:

_ Kg'l' (21/2 91/2) f M (ms+ 77h> + EMLT(Q—l/Q_) <77 (VQ—1/2V i /@g))
VI VP d = ™

(C.96)

where the Moreau envelopes of f and g are respectively defined w.r.t. the variables w” and z. At this point we
have reduced the initial high-dimensional minimisation problem (C.77) to a scalar problem over six parameters.
Another straightforward follow-up of the feasibility set shows that there exist positive constants Cy,, Cy, Cy,
independent of n, p,d such that 0 < x < C, 0 < n < Cjand 0 < m < Cy,.

Case 2: 0, € Ker(<I>T) In this case, the min-max problem (C.72) becomes:

1
min max )\TﬁZQl/QW ~ A"z +g(z,y) + f(w) (C.97)

W,z

Since (2 is positive definite, we can define w = O'/2w and write the equivalent problem:

min max A" ﬁZw Az +g(z,y) + f(Q2W) (C.98)

W,z A
where the compactness of the feasibility set is preserved almost surely from the almost sure boundedness of
the eigenvalues of (2. We can thus write the corresponding auxiliary optimization problem, reintroducing the
normalization by d:

B

A LpmaoaT 2% C.99
winng 3], + [l 2+ glz.y) + £ %) (€99)
introducing the convex conjugate of f with dual parameter :

minmax A g W+ ||w, h'\— )\Tz+gz y +77TQ 12g — fr ] (C.100)
o 1AL, "+ o, (2.) ()

w,

We then define the scalar quantities K = Hf}% andn = ”V\;QQ and perform the linear optimization on A, w, giving

the equivalent:

1
_n 1/2 _ _Z
Jnin max H kg — nH fllnh zl|y + (Z y) = f ) (C.101)

Using the square root trick with parameters 71, 7:

- _nm o2 H2 AT _ 1 _ !
A B = e O gl sl 4 Gatay) = G

(C.102)

performing the optimizations on z, 1 and recognizing the Moreau envelopes, the problem becomes:

nT2 KTy 1 1
LI max =5+ gMatey () — g Mz iz () (C.103)
- me  kn 1 1 M g) — 2

= minmex =5t T My () + GMa g (Tre) — o d“ g'g (C.104)
This concludes the proof of Lemma 9. 0
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C.4 Study of the scalar equivalent problem : geometry and asymptotics.

Here we study in detail the geometry, solutions and asymptotics of the scalar optimization problem (C.96). We
will focus on the case 8y ¢ Ker(® ") as the other case simply shows that no learning is performed (see the
remark at the end of this section). The following lemma characterizes the continuity and geometry of the cost
function &,.

Lemma 10. (Geometry of £,,) Recall the function:

2
En(T1, T2, Ky, v, M) = %—%—I—muﬁ—%%— de(yv—i—an/Q ) (uv—f—an/zg)
o (2 g2y L m 1 (012
Kg (E Q ) v ”2 v+ dM%g("Y) \/ﬁs+nh + dM%T,(Q—l/QI) - (VQ v+ﬁg)

(C.105)
Then &, (11, T2, K, 1, v, m) is continuous on its domain, jointly convex in (m,n,11) and jointly concave in
<K:7 v, 7—2)'

Proof of Lemma 10 : &, (71, T2, K, 1, v, m) is a linear combination of linear and quadratic terms with Moreau
envelopes, which are all continuous on their domain. Remembering the formulation

2

m

g’n,(TlaTQa Ry, V, m) @ - @ + mv Y= Qﬁ - HgT (21/2 1/2) f
np Vg

m 1 —1/2 1/2
73 + 77h> - g/\/l%zf*(gl/;) (Q (I/V + k0 g)) (C.106)

and using the properties of Moreau envelopes, M 7, Lo () (%S + nh) is jointly convex in (x, 71, m, 7)) as a com-
position of convex functions of those arguments. The same applies for M, FH(Q1/2) (Q*l/ 2 (yv + QY Qg) ),
n

jointly convex in (72, 1), v, ), and its opposite is jointly concave in those parameters. The remaining terms being
linear in 7, 79, v, we conclude that £, (71, 72, k, 17, v, m) is jointly concave in (v, 72) and convex in 71 whatever
the values of (k,n, m). Going back to equation (C.80), we can write

KT T
En(r1, 72, 5,1, v,m) = max min 1 — T2 7Hu + rgll3 t5.4 *S +7nh -z
nozw, 2 2 2
1 m+/d m+/d,
+d{(z y)—i—f( pv+wL>+uTEl/Q<2pv—|—wL>—uva4

VI3 vl

(C.107)
The squared term in m, 7, z can be written as
2 K| m n z||?

— h—z| =n—||l——= —h - — C.108
27 dH st 9 T12dH71\/ﬁS+T1 Tily ( )

which is the perspective function with parameter 71 of a function jointly convex in (z,m,n). Thus it is jointly
m\/i
H

linear one, thus it is jointly convex in (m, w ). The remaining terms in 71, 17, m are linear. Since minimisation
on convex sets preserves convexity, minimizing with respect to z, w will lead to a jointly convex function in
(71,1, m). Similarly, the term — 515 || pe + rg||5 is jointly concave in 7y, &, g, and maximizing over g will result
in a jointly concave function in (72, v, k). We conclude that £, (71, 72, k, 7, ¥, m) is jointly convex in (71, m,n)
and jointly concave in (k, v, T2). O

convex in (71, z, m,n). Furthermore, the term f ( V+w J_) is a composition of a convex function with a

The next lemma then characterizes the infinite dimensional limit of the scalar optimization problem (C.96),
along with the consistency of its optimal value.
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Lemma 11. (Asymptotics of £,,) Recall the following quantities:

1
Ly(T1,K,m,m) = E]E {Mng(”y) <:;%s + nh)} where'y = fo(\/pps), s ~ N(0,1,) (C.109)
1
Ly(ra,m, v, k) = <E [Mnr(ﬂ_m,) <77 (Z/Q’l/Qv n ﬁg))] where v — ®7 6, (C.110)
2 T2
1
Y = gegm—l@oo (C.111)
1
p= 79(‘)"\1,90 (C.112)
p
and the potential:
2
5(7_177_27 R, n,V, m) ﬁ - @ + my\f’y - 21 - i(VZX + KZ) + aﬁg(ﬁz R, mv”]) + ‘CT(T27 n,v, K:)
2 2 2n p 279
(C.113)
Then:
max min &,(m, 12, K, n, v, m) — P, max min E(r1, 12, K, n, v, M) (C.114)
K,V,T2 M,M,T1 n,p,d—00 K,V,T2 mM,n,T1

and E(11, T2, K,m, v, m) is continuously differentiable on its domain, jointly convex in (m,n, 1) and jointly
concave in (K, v, To).
Proof of Lemma 11: The strong law of large numbers, see e.g. [08] gives éng da‘—s'> 1. Additionally,
— 00

using assumption (A2) on the summability of 8y and (A3) on the boundedness of the spectrum of the covariance
matrices, the quantity x = limg_ o é@g PO~ 1D 7, exists and is finite. Since Oy ¢ Ker(® ") and using the
non-vanishing signal hypothesis, the quantity py, = limg_, %vTv exists, is finite and strictly positive. Then

(212 - l/?) o \va is a centered Gaussian random variable with variance verifying:
2

Var

v " VI3

2

rg' (El/Q QI/Q> WV]SHQUQ (21/2 91/2) m*y

— k202 (21/2 91/2)7” (C.115)

maz dpv
Using lemma 8, & and m are finitely bounded independently of the dimension d. 7, 0ynaq (£1/2 — Q1/2) are
finite. Thus there exists a finite constant C' such that the standard deviation of kg " (21/ 2_ql 2) i ‘ﬁ;v is
smaller than \FC / V. Then, for any € > 0:
P ( (El/2 Ql/2> m\f

IVIE"

> ) <P <|/\/(0,1)| > eﬂ/fc)

1 1e%d
YO ( 6) (C.116)
exf d/ 27r 2C
using the Gaussian tail. The Borel-Cantelli lemma and summability of this tail gives
T (21/2 91/2) ﬁv LN (C.117)
Ivil3 oo
Concentration of the Moreau envelopes of both f and g follows directly from lemma 5.
We thus have the pointwise convergence:
En(11, T2, KoM, v, M) L)E(ThTQ,I{ n,V,m) (C.118)

n,p,d—0co
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Since pointwise convergence preserves convexity, £(1, T2, k, 17, ¥, m) is jointly convex in (m, 7, 71) and jointly
concave in (k, v, 72).
Now recall the expression of £
2
K1 NT2 T2 M n

E(mi, 12, Ky My v, M) = -5 7+ T, ﬁ(l/ X + K2) + aly(ri, k,m,n) + Ly(12,m,v, k)
(C.119)

The feasibility sets of x, 7, m are compact from Lemma 8 and the subsequent follow-up of the feasibility sets.
Then, using Proposition 12.32 from [64], for fixed (72, k, 7, v, m), we have:

1 m 1.
T11~1>I<Ikloo 8/\/{%9("},) <\/ps + 7’]h> = a zleann g(Z7 y) (C120)
which is a finite quantity since g(.,y) is a proper, convex function verifying the scaling assumptions C.1. Then,
since k > 0, we have:

lim &,(71,72,K,n,v,m) =400 (C.121)

T1—+00

Similarly, for fixed (71, k, 1, v, m) and noting that composing f with the positive definite matrix Q12 does not
change its convexity, or it being proper and lower semi-continuous, we get:

1
1/2 _x
ngquoo dM p(Q-1/2) ( <I/Q v+ Hg)) = df(Od) (C.122)
which is also a bounded quantity from the scaling assumptions made on f. Since 5 > 0, we then have:
lim &,(r1,72,k,n,v,m) = —c0 (C.123)
To—+00

Finally, the limit lim, 1 o0 (71, T2, K, 7, ¥, m) needs to be checked for both +00 and —oo since there is no
restriction on the sign of v. From the definition of the Moreau envelope, we can write:

2

1 Ul ~1/2 1 1/2
Mg (72 (VQ v+/<ag> < =£(0a) 2n d72 (I/Q V—O—ﬁg) 2 (C.124)
Thus, for any fixed (11, 72, m, K, 7):
En(m1, 712, K,m, v, m) < o +muy/y — kg (21/2 91/2) f v+ M <ms+77h>
22 Vi3 B VP
+ gf(Od) (C.125)
which immediately gives lim,_,_, &, = —oo. Turning to the other limit, remembering that &, is continuously
differentiable on its domain, we have:
o0& 1
87;(7—17 T2, K, 1), V, m) =M/ — gVTQ_l/Zprox%f(ﬂfl/QA) <77_72 (VQ_l/zv + F‘:g)) (C126)

Thus lim, o Oen(mumasmmm) o Since &, is continuously differentiable in v on [0, +0oc[, and from the

v
short argument led above, we have shown

lim &,(m, 72, k,1,v,m) = —00 (C.127)

|v| =400

Using similar arguments as in the proof of Lemma 8, we can now reduce the feasibility set of 71, 72,7 to a
compact one. Then, using the fact that convergence of convex functions on compact sets implies uniform
convergence [09], we obtain

max min &,(71, T2, K, N, V, M) — P max min E(ry, T2, kym, v, M) (C.128)

R,V,T2 T,1,T1 n,p,d—+o0 K,V,T2 M,N,T1
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which is the desired result. ]

At this point, it is necessary to characterize the set of solutions of the asymptotic minimisation problem
(2.8). We start with the explicit form of the optimality condition associated to any solution.

Lemma 12. (Fixed point equations) The zero-gradient condition of the optimization problem (2.8) prescribes
the following set of fixed point equations for any feasible solution:

1 _
Ox:m = 8]}2 |:ng}"0)6;12“91/2.) <;]2 (I/Q 1/24 + /ﬁ?g))] (C.129)
1 _ _
Oy :my/y = EE [VTQ 1/2prox%f(971/24) (;72 (VQ 12y 4 mg))] (C.130)
K m
877 TQ—OéT n_ﬁi’nE |:h proxng( y) <\/ﬁs+nh):| (C131)
. 1 T2 n —1/2 N —-1/2 ? —
O, ¢ ﬁ;E T—Q(VQ vV + Kg) —prox%f(ﬂfl/z_) . (VQ v+ /-sg) , =
2
2 2y _ _ ne 2
o (VX + K*) —muy/y — k11 + 5 + 57 p (C.132)
m S m
m 1 VY = an—ﬁ {(h - %)Tprox%g(.,y) (\/ﬁs + nh)] (C.133)
1 1 m 2
Or, —1 = 5 ﬁ Hs +7nh — Proxm g ) (\/ﬁs + 77h> 2] (C.134)

Proof of Lemma 12: Using arguments similar to the ones in the proof of Lemma 5, Moreau envelopes and
their derivatives verify the necessary conditions of the dominated convergence theorem. Additionally, uniform
convergence of the sequence of derivatives can be verified in a straightforward manner as all involved functions
are firmly non-expansive and integrated w.r.t. a Gaussian measure. We can therefore invert the limits and
derivatives, and invert expectations and derivatives. We can now write explicitly the optimality condition for
the scalar problem (C.113), using the expressions for derivatives of Moreau envelopes from Appendix C.2.
Some algebra and replacing with prescriptions obtained from each partial derivative leads to the set of equations
above. 0

Remark : Here we see that the potential function (C.113) can be further studied using the fixed point equations
(12) and the relation (C.10). For any optimal (11, 72, %, 17, v, m), it holds that

5(7—17 T2, K, 1, V, m)

- 1 m 1 —-1/2 Ui -1/2

= CVEE |: (pI'OX‘q 9(.) <ﬁs + 77h> ,y>:| + E]E |:f (Q prOX%f(quz_) <T2 (VQ Vv + Kg)
(C.135)

Finally, we give a strict-convexity and strict-concavity property of the asymptotic potential £ which will be
helpful to prove Lemma 1.

Lemma 13. (Strict convexity and strict concavity near minimisers) Consider the asymptotic potential function
E(r1, 12, k,n,v,m). Then for any fixed (n, m, T1) in their feasibility sets, the function

To, K,V — E(T1, T2, K, N, V, M) (C.136)

is jointly strictly concave in (1o, Kk, V).
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Additionally, consider the set 83,”2 defined by:
1
Sa, Y = {71,72,/-@,77, v,m | my/y=-E |:VTQ_1/2pr())Cnf(Q1/2.) (77 (VQ_l/Zv—l— /ﬁg))} 7
’ d T2 T2

n —-1/2
‘prox:;f(g_l/g) <T2 (VQ 12y + /ﬁg))

then for any fixed 1o, Kk, vV in SaV,TQ, the function (n,m, ) — £(m1, T2, K, 1, v, m) is jointly strictly convex in
(777 m, 7_1) on 88%7—2

11 2

—_E

n 1 m?
2d 7 2

+} (C.137)
2n p

2

Proof of Lemma 13: We will use the following first order characterization of strictly convex functions:

f is strictly convex <= (x —y|Vf(x) — Vf(y)) > 0Vx # y € dom(f). To simplify notations, we will
write, for any fixed (m,n, 1)

(VH,V,ng) = ((655, 81/67 8’1’25) (7_17 7_27 Ka na V’ m))1 (C138)

as the i-th component of the gradient of £(m, 79, k, 7, v, m) with respect to (k, v, 72) for any fixed (m,n, 1)

in the feasibility set. Then for any distinct triplets (x, v, 72), (&, 7, T2) and fixed (n, m, 1) in the feasibility set,
determining the partial derivatives of £ in similar fashion as is implied in the proof of Lemma 12, we have:
((k,v,72) — T (V& v — VEiii)

7’:
~ 2 2
e ( U\rl proxa . (), = 1 —pronzsy o o))

E
n T
rO — — pro - —T Iy —
(p Xﬂ f (Q- 1/2 ( 1'2) p X%f(ﬂ 1/2') (7,:21'2)> <I'2 Iro
Ty — T2 n n.
+ 277d <pI‘OXTan(Q_1/2.) (7_21'2> +prox%f(9_1/2.) (7~_2r2>> )
- 11

2 2
N <E Ml = proxzyy g ()], = [rr —proxa WM )

~ 2
(] ) e
2

where the last line follows from the inequality in Lemma 4, and we defined the shorthands, r; = %s + nh,

:\H =

(7,
Yo
“on

n U
pI‘OX%f(Q—l/Q') (7_2r2> — pI‘OX%f(Q—l/Q.) (7:21‘2>

ro = v V2v 4 kg, ¥y = Q0 /2v 4 ikg. Using Lemma 3, the first term of the r.h.s of the last inequality is also
negative as an increment of a nonincreasing function. Thus, both expectations are taken on negative functions. If
those functions are not zero almost everywhere with respect to the Lebesgue measure, then the result will be
strictly negative. Moreover, the functional taking each operator 7" to its resolvent (Id 4+ T)~! is a bijection on the
set of non-trivial, maximally monotone operators, see e.g. [64] Proposition 23.21 and the subsequent discussion.
The subdifferential of a proper, closed, convex function being maximally monotone, for two different parameters
the corresponding proximal operator cannot be equal almost everywhere. The previously studied increment
(5,0, 72) — (R, 5, 72)) | (VExwimy — VEr 5.7,) is therefore strictly negative, giving the desired strict concavity
in (k, v, 72). Restricting ourselves to the set Sy, -,, the increment in (m, 1, 71) can be written similarly. Note
that Id — prox will appear in the expressions instead of prox. The appropriate terms can then be brought to the
form of the inequality from Lemma 4 using Moreau’s decomposition. Using the definitions of the set Sy, -,
and the increments from Lemma 3, a similar argument as the previous one can be carried out. The lemma is
proved. O

What is now left to do is link the properties of the scalar optimization problem (2.8) to the original learn-
ing problem (1.3) using the tight inequalities from Theorem 4.
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Remark: in the case 6, € Ker(®7), the cost function 82 will uniformly converge to the following poten-
tial:
kT

2, @ 1 n
2 S S SE [Ma )] + B (Mo () (130

As we will see in the next section, this will lead to estimators solely based on noise.

C.5 Back to the original problem : proof of Theorem 1 and 2

We begin this part by considering that the "necessary assumptions for exponential rates" from the set of
assumptions C.1 are verified. In the end we will discuss how relaxing these assumptions modifies the convergence
speed. We closely follow the detailed probabilistic pipeline introduced in [70] and further developed in [2&].
The main difference resides in concentration properties of generic Moreau envelopes depending on the regularity
of the target function instead of specific instances such as the LASSO. Our analysis is somewhat less precise in
the optimization of constants, but the main goal is to broadly characterize the dimension dependencies of the
asymptotic results. Since the dimensions n, p, d are linked by multiplicative constants, we can express the rates
with any of the three. Recall the original reformulation of the problem defining the student.

' (L1 ~1/2 CaTa-1a) ) o
max min g(z,y) + f(w) + A <\/& AT <I>+B(Q Ty q>) Wz (C.141)

Introducing the variable w = O'/2w it can be equivalently written, since €2 is almost surely invertible and the
problem is convex concave with a closed convex feasibility set on w, z.

1/2
minmax g(z,y) + £(7/%) + AT <\}g <A\I/1/2<I> +B (Q - <I>T\IF1<I>) / > 012 — z) (C.142)

W,z

Recall the equivalent scalar auxiliary problem at finite dimension &, and its asymptotic counterpart £ both
defined on on the same variables as the original problem w, z.

2
KT T o m
5(7'1,7'2,/$,77,I/,m) = 71 - 77272 + mv Y- %7 - 27777_2( 2X+K:2) +04£g(7'17’$,mv77) +‘Cf(7—277771/aﬁ)
(C.143)
2
En(m1, T2, K, M, v, M) = % — % + my\/y — ;%m? — Jj(uv + KQI/Qg)TQil(VV + an/Qg)
T (2 Y™, L m 1 ﬂ( —1/2 )
Kg (E Q ) ||VH§V+ dM?lg(_7y) ﬁs—f—nh + dM%T(Qfl/?) ™ VTV 4 kg
(C.144)

Recall the variables:

~ T)* * * * m* *
W = prox,« . . _ — ('t + kK , z" = Prox ,» —s+n*h C.145
ProXs: s 1/2‘)(75( g)) ProX=i 4 <\/ﬁ U ) (C.145)
Denote (7, 75, k*,n*, v*, m*) the unique solution to the optimization problem (2.8) and £* the corresponding
optimal cost. Similarly, denote (77,,, 73 ,,, K7, T, V5, M, ) any solution to the optimization problem on &, and
& the corresponding optimal value. Finally, we write E,, (W, z) the cost function of the optimization problem
on W, z defined by & for any optimal solution (77 ,,, 75 ,,, K3, Ty, Vs, My, ), such that:

&y =min E, (W, z) (C.146)

W,z

By the definition of Moreau envelopes, we have that E, (W, z) is 34, strongly convex in z and 2%, strongly
convex in w. The following lemma ensures that these strong convexity constants are non-zero for any finite n.
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Lemma 14. Consider the finite size scalar optimization problem

max min &,(11, 12, K, 1, v, M) (C.147)
K\, T2 ML, TL

where the feasibility set of (11, T2, k, 1, v, m) is compact and 71 > 0,72 > 0. Then any optimal values k*, 75
verify:
K*#£0 15 »0 (C.148)

Proof of Lemma 14: from the analysis carried out in the proof of Lemma 11, the feasibility set of the
optimization problem is compact. Suppose x* = 0. Then the value of m minimizing the cost function is —oco,
which contradicts the compactness of the feasibility set. A similar argument holds for 75. 0

The next lemma characterizes the speed of convergence of the optimal value of the finite dimensional scalar
optimization problem to its asymptotic counterpart, which has a unique minimizer.

Lemma 15. For any € > 0, there exist constants C, c,~y such that:
% * C 7Cn€2
P& —E*| > €) < —exp (C.149)
€
which is equivalent to

P ( min E, (w,z) — &*

W,z

C
> e) < < exp—one’ (C.150)
€

Proof of Lemma 15: for any fixed (11, 72, K, v, 7, m), we can determine the rates of convergence of all the
random quantities in £,. The linear terms involving é gT'v are sub-Gaussian with sub-Gaussian norm bounded
by C'/d for some constant C' > 0. Thus we can find constants, C, ¢ > 0 such that, for any € > 0 :

1
P(|-glv
The term involving v’ Qv is deterministic in this setting. We will see in section C.6 how a random 6 affects the
convergence rates. The term involving % gT'g is a weighted sum of sub-exponential random variables, the tail of
which can be determined using Bernstein’s inequality, see e.g. [/ 1] Corollary 2.8.3, which gives a sub-Gaussian

tail for small deviations and a sub-exponential tail for large deviations. Parametrizing the deviation € with a
scalar variable ¢/, we thus get the following bound : for any € > 0, there exists constants C, ¢, ¢’ > 0 such that:

2

> e> < Ceene (C.151)

1 2

P (‘dng — 1' > c’e) < Ce e (C.152)
Since, in this case, we assume that the eigenvalues of the covariance matrices are bounded with probability one,
multiplications by these matrices do not change these two previous rates. The remaining convergence rates
that need to be determined are those of the Moreau envelopes. By assumption, the function g is separable, and
pseudo-Lipschitz of order two. Moreover, the argument %s + ph is an i.i.d. Gaussian random vector with finite

N
variance. The Moreau envelope %M 2pQ-1/2.) (% (yQ—l/ZV + /gg)> is therefore a sum of pseudo-Lipschitz
T2

functions of order 2 of scalar Gaussian random variables. Using the concentration Lemma 7, we can find

constants C, ¢, ¢ > 0 such that, for any € > 0, the following holds:
1 m 1 m o2
P < Oéﬁ./\/l%g(_7y) <\/ﬁs + nh) —E |:Oén./\/l7;19(.’y) (ﬁs + 'f]h):| } > Cl€> < Ce (C153)

For the second Moreau envelope, the argument % (yQ—l/ v + /ﬁg) is not separable. If the regularization is a

square, it is straightforward to see that concentration will reduce to that of the terms %gTV and é glg. If the
regularization is a Lipschitz function, then the Moreau envelope is also Lipschitz from Lemma 2. Furthermore,
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since the eigenvalues of the covariance matrix (2 are bounded with probability one, the composition with the
deterministic term #Q/2v does not change the Lipschitz property. Gaussian concentration of Lipschitz functions
then gives an exponential decay indepedent of the magnitude of the deviation. Taking the loosest bound, which
is the one obtained with the square penalty, we obtain that, for any ¢ > 0, there exist constants C, ¢, ¢’ > 0 such
that the event

1 n —1/2 1 n —1/2
{ gM%T(quz.) (7_2 (VQ / v + Hg)) —E |:dM77727.(Q1/2.) (7_2 (VQ VvV + Iig) > e
(C.154)

has probability at most C' g—ene’ Combining these bounds gives the exponential rate for the convergence of &,
to & for any fixed (71, 72, K, v, 7, m). An e-net argument can then be used to obtain the bound on the minmax
values. 0

The next lemma shows that the function E,, evaluated at w*, z* is close to the optimal value £*. Intuitively, this
tell should be close to w*, z*. We will make this exact using the strong convexity of F,.

Lemma 16. For any € > 0, there exist constants C, c, ¢’ such that:
P (|Eq(W*,2") — £ = de) < Cem (C.155)

Proof of Lemma 16: in a similar fashion as was done in the proof of the fixed point equations given in Lemma
12, the optimality conditions corresponding to the finite size problem can be written and used to simplify the
optimal value. Doing so, it can be shown, as done for £* in the remark following the proof of Lemma 12, that
the function E, is also equal to the original cost:

En(W,z) = a%g(z) + éT(Q_l/QVV) (C.156)

we then have:

1 m*
En ~*7 *) =a— x T = “h ’
(W*, z*) a—g (proxﬁl*g(.’y) <\/ﬁs+n ) Y>
1 —1/2 s —1/2 *
+ df <Q prox%f(ﬂ,l/;) (7_2* (1/ Q V+k g) (C.157)

Note that this is not enough to finish the proof. It is tempting to claim that the optimal estimators are then given
by forms similar to w*, z* where the parameters (71, 75, £*, n*, v*, m*) are replaced with any optimal solution
(T3 100 T3 s Koty Ty Vs T, ). However the solution (77, 75 ,,, K7, 75y, Vi, y,) is not unique. The point will be to
use the fact that the asymptotic solution (75, 73, k*, n*, v*, m*) is, this time, unique. Recall that, in the remark
following the proof of Lemma 12, we showed that :

1 m*
£ = a-F . “h)
B o (ror, <\/ﬁs+” )¥)]
1 *
+ E]E |:f <Q_1/2prox77:f(ﬂl/2‘) (77-’2* (V*Q—l/QV + H*g)))] (C.158)
T2

to prove the lemma, we therefore only need to prove the rates of convergence of the two terms in eq.(C.157). Since
g is separable, so is its proximal operator. The proximal operator is a Lipschitz function, and the composition of
a pseudo-Lipschitz function of order 2 with a Lipschitz function gives a pseudo-Lipschitz function of order 2.
Therefore, this term concentrates like a scaled separable, pseudo-Lipschitz of order 2 function of a Gaussian
random vector, which is given by Lemma 7. Regarding the second term, it is shown in [70, 28] that, for
covariance matrices with bounded spectrum, and provided the function f is either Lipschitz or a square, the

variable Q_1/2prox£f(ﬂ,1/2.) (% (v Q12v + n*g)) is sub-gamma. Sub-gamma random variables provide

the same tails as Bernstein’s inequality : sub-gaussian for small deviation, sub-exponential for large deviation.

This is enough to conclude the proof of Lemma 16. O
We now use the strongly-convex form of E,, to show that minimizers of E,, become asymptotically close to
w*, z*.
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Lemma 17. For any € > 0, there exists constants ¢, c, C > 0 such that the event

* *
K‘n 7_2,’I’L

) (W, z) — (v~v*,z*)||g > e and min B, (W, z) < E,(W*,z") + e
W.,Z

1
I(w,z) e R"H, = n
271,71 27’; g

d

min(
(C.159)

.7 2
has probability at most %e‘cm .

This lemma can be proven using the same arguments as in [/0] Appendix B, Theorem B.1. Note that we are
normalizing the norm of a vector of size (n + d) with d. This is not a problem, since n, d are linked by a finite
multiplicative constant. Intuitively, if two values of a strongly convex function are arbitrarily close, then the
corresponding points are arbitrarily close. This shows that any solution outside the ball centered around w*, z*
is sub-optimal. Now define the set:

Dgge = {w eRYzeR":

ool (o)l o[- (] -4
(C.160

where ¢, is either a square or a Lipschitz function, and ¢ is a separable, pseudo-Lipschitz function of order
2. Using the same arguments as in the proof of Lemma 16, we have that, for any € > 0, there exist constants
C, ¢ > 0 such that:

P((W*,2*) € Dy ge) =1 — Ce™¢ (C.161)

Also, any solution outside of the ball centered on w*, z* with radius c’e, with ¢’ > 0 a given constant, is not in
Dy, ;.. The proof of Theorem 2 then follows from the exact same argument as the proof of Lemma B.3 from
[28]. Theorem 1 is a consequence of Theorem 2.

If the restriction on f, g, ¢1, ¢ are relaxed to any pseudo-Lipschitz functions of finite orders, the exponential
rates involving them are lost and become linear following Lemma 5.

C.6 Relaxing assumption (B1)

The entirety of the previous proof has been done with a deterministic vector 8y. Now, if 8 is assumed to be a
random vector independent of all other quantities, as prescribed in the set of assumptions C.1, we can "freeze"
the variable 6 by conditioning on it. The whole proof can then be understood as studying the value of the cost
conditioned on the value of 8. This is sometimes referred to as the "freezing lemma", see e.g. [65¢] Example
4.1.7. Note that, in the Gaussian case, correlations between the teacher and student are expressed through the
covariance matrices, thus leaving the possibility to parametrise the teacher with a vector 6y indeed independent
of all the rest. To lift the conditioning in the end, one only needs to average out on the distribution of 8, the
summability conditions of which are prescribed in the set of assumptions C.1. Thus, random teacher vectors
can be treated simply by taking an additional expectation in the expressions of Theorem 2, provided 6y is
independent of the matrices A, B and the randomness in fj.

As mentioned at the end of the previous section, the finite size rates will be determined by the assumptions made
on the teacher vector and decay of the eigenvalues of the covariance matrices. We do not investigate in detail the
limiting assumptions under which exponential rates still hold regarding the randomness of the teacher or tails of
the eigenvalue distributions of covariance matrices.

C.7 The ’vanilla’ teacher-student scenario

In this section, we give the explicit forms of the fixed points equations and optimal asymptotic estimators in the
case where the teacher and the student are sampled from the same distribution, i.e. 2 = ® = ¥ = ¥ where &
is a positive definite matrix with sub-Gaussian eigenvalue decay. This setup was rigorously studied in [2£] for
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the LASSO and heuristically in [38] for the ridge regularized logistic regression. In this case, the fixed point
equations become

1 T n 1/2
T = &E |:g pI‘OX%f(Efuz) (7_2 (1/2 / 6y + Hg) (C.162)
1 Ty—1/2 n 1/2
my/y = &E {v Il Prox%f(zfl/z,) <TQ (l/E / 0o + "Jg> (C.163)
K RO m
—a—p— ZFE|n' r — h C.164
T2 aTl77 o [ prox%g(“y) (\/ﬁs +n >] ( )
o m* 1 n 1/2 2
Wt = G | [roxs s v <T2 (v="/260 + Hg)) 2 (C.165)
K m S m
vy7=a—E |(—h— —)Tprox- (s—i— h)] C.166
7 nty {(770 \/,5) POy VP ! ( :

2

2= %JE (C.167)

Hms+nh—pr0Xn ﬂS—O—nh

7o (5 )

and the asymptotic optimal estimators read:

2

x _ y—1/2 . i* xy1/2 * * . m* *
wh =3 prox%f@,m.)(ﬁ (V*E°0) + k*'g)), z prox%g(wy) (\/ﬁs—l—n h) (C.168)
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D Equivalence replica-Gordon

In this Appendix, we show that the rigorous result of Theorem 2 can be used to prove the replica prediction in
the case of a separable loss, a ridge penalty. For simplicity, we restrict ourselves to the case of random teacher
weights with 8y ~ N(0,1,). We provide an exact analytical matching between the replica prediction and the
one obtained with Gordon’s theorem. We start by an explicit derivation of the form presented in Corollary |
from the main result (2.7).

D.1 Solution for separable loss and ridge regularization

Replacing r with a ridge penalty, we can go back to step (C.85) of the main proof and finish the calculation

without inverting the matrix €2. The assumption on the invertibility of {2 can thus be dropped in the case of ¢,
-1
regularization. Letting G' = (%Q + )\21d> , we get

1
e R Tty PR )
207 Ty L 2 1/201/2
2d 20] 8GO 6, 2d Tr(Q GO ) D.1)

using Lemma 5 with a separable function, the expectation over the Moreau envelope converges to:

1 m m

where s and h are standard normal random variables and y = fo(,/ps). The corresponding optimality conditions
then reads:

d ? 1
Pk % 271 aE l(\/ﬁs +nh — ProxXri () (:;%s + nh)) ] — KETr <Ql/2GQl/2) =0 D.3)
g Tma/Y — 71/00<IJTG<I>T00 =0 (D.4)
ov d
2 2

a% -3 - % t5 (91/2<I>T0 ) G207 g, + g—Tr (G202) =0 (D.5)
0
—:V\f——m—i— E[(s+nh proxr, ( 541 ) } =0 (D.6)
om NG

0 T T2m2 K
a—n:—§+ Spn? +aE [ﬁh <\/ﬁs+77h proxig( y)< s+nh>>}

;7'727V (91/2©T0 ) GQQUQ@TO 277 (GQQZ) (D.7)

J kK K o m b 2 B
877'1 : 5 — T#QE \/ﬁs -+ n prox= 1g( y) %8 —+ n =0 (DS)

50



simplifying these equations using Stein’s lemma, we get:

-1
O _LInfae (204 0n1,) o2 (D.9)
ok kK d n
—1
9 =000 (2ot L) o7, (D.10)
v d N
9. n” + m 1, (Ql/thTOO)T 20+l - (91/2@90) + lK?Tr( 20+ Mg - 0?)
tozp) p d n d n
(D.11)
g B K E m b m m b
om VYO G PP st \ 5 )| T \ﬁ prox_ roCofolvps) \ 50 T
(D.12)
0 T K m
6777 : ; = aT—l (1 —E [proxqg( ) (\fs + nhﬂ) (D.13)

0 k2 m m 2
o (RS = (ﬁ) aE (\/ﬁs +nh — PrOX ™10 fo(/ps)) <\/ﬁs + nh)) (D.14)

D.2 Matching with Replica equations

In this section, we show that the fixed point equations obtained from the asymptotic optimality condition of
the scalar minimization problem 1 match the ones obtained using the replica method. In what follows we will
use the same notations as in [4”], and an explicit, clear match with the notations from the proof of the main
theorem will be shown. The replica computation, similar to the one from [4”], leads to the following fixed point
equations, in the replica notations:

V= %Tr (A1, +9) Ta (D.15)
q= % {(qQ e T ®)0) (AVIP + Q) _1 (D.16)
m= \%mTr {qﬁb (vr, + Q)_l} (D.17)
V = ok URdy zg( ,f,p—f) &Jfg(y,\/ég,V)} (D.18)
q= ol UR dy 2, <y %,p - Wj) fo(y:/aE, V)Z] (D.19)
= %]EE UR dy 8,20 ( \T} p— ) Fo(y, VEE, V)} (D.20)

where fo(y,w, V) = —0,My gy, (w) and Zg is given by:

dz

2 (y,w,V) = me—%@r—w)%(y — (). (D.21)
In particular we have:
d _
0.20 (V) = [ el (m V“’) 5y — () (D.22)
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To be explicit with the notation, let’s open the equations up. Take for instance the one for /. Opening all the
integrals:

1 (17%5)2 T — ﬂf
2oemmia | ) fo(y, /€, V)

m2/q

2

dx
dy/\/%(f)m%ﬁe
(—29)° (x— N

=)

1
2 p—m2/q —
p—m?/q

(a) 55 dx .
| 57 o )fg<fo<>¢af,v>

(D.23)
where in (a) we integrated over y explicitly. A direct comparison between the two sets of equations suggests

the following mapping to navigate between the replica derivation and the proof using Gaussian comparison
theorems. We denote replica quantities with Rep indices:

2

VRep <~ 27 VRep <~ 97 qRep < 772 + mi
K n p
GRep == K, MRep == M, MRep == V (D.24)
with these notations, we get :
9y lTlr((\m + Aoly)~1Q) (D.25)
ok’ d 2 ’
0 1 m
_— ——Tr VQ+ Aol to "o D.26
1 N

ai = ~Tr((a0 + 120 T ®)Q(VQ + Aolyg)~2) (D.27)

9 L_alfpls
om " T AV

5 Z

*%E lprOX/Vg(.,fo(\/ﬁs)) (\%5 + M h)D (D-28)
o % <1 ~E lprox;/g(_vfo(ﬁs)) (\T/nﬁs +4Ja— ”jh)D (D.29)
% c4= (%) E <\T/nﬁs +4/q— 77;2 h = ProXy g (1 (/5s) (\T/nﬁs + Mh>>2 (D.30)

The first three equations match the replica prediction, the last three can be exactly matched using the
following change of variable and Gaussian integration:

1/2
T P mos
hel) g e
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E Details on the simulations

In this Appendix we give full details on the numerics used to generate the plots in the main manuscript. An
implementation of all the pipelines described below is available at [41].

E.1 Ridge regression on real data

Consider a real data set {x*, y”}Z‘;‘l, where n, denote the total number of samples available. In Figs. 4 and 4
we work with the MNIST and fashion MNIST data sets for which ny; = 6 x 10* and D = 28 x 28 = 764. In
both cases, we center the data and normalise by dividing it by the global standard deviation. We work with binary
labels y* € {—1,1}, with y* = 1 for even digits (MNIST) or clothes above the waist (fashion MNIST) and
y* = —1 for odd digitis (MNIST) or clothes below the waist (fashion MNIST). In a ridge regression task, we
assume y* = OJ ut for a teacher feature map u* = ;(x") and we are interested in studying the performance
of the estimator § = v @ where v = ¢, (x) obtained by solving the empirical risk minimisation problem in
eq. (A.3) with the squared loss g(z,y) = %(y — )? and ¢, regularisation A > 0.

Simulations: First, we discuss in detail how we conducted the numerical simulations in Figs. 4 and 4 in the
main manuscript.

In Fig. 4, the student feature maps (, is taken to be different transforms used in the literature. For the
scattering transform, we have used the out-of-the-box python package Kymatio [|8] with hyperparameters
J = 3 and L = 8, which defines a feature map ¢, : R2*28 5 R217X3%3 ‘and thus d = 1953. For the random
features, a random matrix F € R4 with i.i.d. A/(0,1/784) entries is generated and fixed. Note that the
number of features d = 1953 is chosen to match the ones for the scattering transform. The random feature
map is then applied to the flattened MNIST image as ¢s(x) = erf (Fx). Finally, we have chosen a kernel
corresponding to the limit of this random feature map [50]:

2 2@,
K(Clil,:lrg) = Zgin! 1 T2

(E.1)
T V(a2 3) (1/d + 2zl 3)

In Fig. 4, the feature " is taken from a learned neural network at different epochs ¢ € {0, 5, 50,200} of training.
For this experiment, we chose the following architecture implemented in Pytorch:

Sequential (
(0) : Linear (in_features=784, out_features=2352, bias=False)
(1) : ReLU()
(2) : Linear (in_features=2352, out_features=2352, bias=False)
(3): ReLU()
(4) : Linear (in_features=2352, out_features=1, bias=False)

The first two layers of the network therefore defines a feature map ¢ : R7 — R2352 acting on flattened
fashion MNIST images. The network was initialized using the pyTorch’s default Kaiming initialisation [72]
and was trained on the full data set (n samples) with Adam [73] optimiser (learning rate 10~3) on the MSE
loss for a total of 500 epochs. Snapshots were taken at epochs ¢ € {0, 5, 50,200}, defining the feature maps
L (+) at each of these epochs.

In both experiments, we ran ridge regression at fixed regularisation A > 0 by sub-sampling n samples from
the data set D = {v#, y#} ), v = ¢ (z*), with the estimator given by the closed-form expression:

(E2)

O +VIV) T VTy, ifn>d
VI (AL + VvV ly, ifn<d

where V € R™ 4 is the normalised matrix obtained by concatenating {v*/ \/‘2}2:1- A similar closed-form
expression in terms of the Gram matrix was used in the kernel case. The averaged training and test errors were
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Figure 6: Test error as a function of the number of samples for kernel ridge regression task on MNIST odd vs.
even data, with A\ = 10~!. The different curves compare the performance of a random features approximation
ps(x) = erf (Fx) with the performance of the limiting kernel eq. (E.1). Different curves correspond to different
aspect ratios of the Gaussian projection matrix F € R4*784,

computed over 10 independent draws sub-samples of D. To reduce the effect spurious correlations due to the
sampling of a finite universe D, we have always evaluated the test error on the whole universe D. The code for
these two experiments is available in [41].

Self-consistent equations:  For the theoretical curves, we need to provide the population covariances (2, @, ¥)
and the teacher weights 6y € RP corresponding to the task of interest. Since when dealing with real data we
have a limited number of samples n at our disposal, we estimate the population covariances by the empirical
covariances on the whole universe:

1 Mot 1 Mot 1 Mot
ubuh T, o = utoh T, Q=
1 1

U= vtk T (E.3)

n
tot = 1

TNtot “— Ttot “—

H= pn=
In principle, the teacher weights need to be estimated by inverting y = U6y. However, as explained in nyy in
Sec. 3.4, one can avoid doing so by noting the teacher weights only appear in the self-consistent equations 2.17
through p = lOOT U6, and & " 0. Therefore, all teacher vector 8y and feature map o, that linearly interpolate

the data set {x", y“}zf‘:”l are equivalent, since we can write:

1 Ntot 1 Ntot
p=—> "), 0Ty = — > vyt (E4)
Thot P ot y=1

which is independent from (¢, 8). In particular, note that for our binary labels y* € {41, —1}, we have p = 1.
In both Fig. 4 and 4 of the main, we estimated the covariance € as in eq. (E.3) by applying the feature maps
s described above to the whole data set, took p = 1 (since in both we have binary labels) and used eq. (E.4)
to estimate ® ' @y. This was then fed to our iterator package [ |] to compute the curves. For the kernel curve,
we used the random features approximation of eq. (E.1) with a d = 20 x 1953 dimensional feature space to
estimate the covariance 2. We have checked that this indeed provide a good approximation of K for the sample
range considered, see Fig.6.

Limitations: As we have discussed above, a key ingredient of our theoretical analysis is the estimation of

the population covariances. For real data, this relies on the empirical covariance of the whole data set with n
samples. We expect this approximation to be good only for n < n samples, as it is the case for the ranges
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Figure 7: (Left) Test mse for ridge regression on MNIST odd vs. even task and A = 0.01. Different curves show
the theoretical prediction when the population covariances are estimated using a smaller number of samples 7t
in the universe. (Right) Test mse for NTK kernel regression on MNIST 8 vs. 9 task with A = 0.01. Note that for
this task we have n; = 7000, and while the theoretical result predicts perfect generalisation as the number of
samples approach ny, the true test error goes to a constant.

plotted in Figs. 4 and 4. Indeed, as n ~ ny, we start observing deviations between the theoretical prediction and
the simulations. In Fig. 7 (right) we show an example of a NTK kernel regression task on 8 vs 9 MNIST digit
classification, for which ny = 7000. Note that while the theoretical prediction reach perfect generalisation at
n /= Ny, the simulated error approaches a plateau. Alternatively, instead of varying the sample range, in Fig. 7
(left) we show how the matching betweem theory and simulation degrades by varying ni on a fixed sample
range for a MNIST odd vs. even task.

As it was discussed in Sec. 3.4 of the main manuscript, the universality argument sketched above is only
valid in the case of a linear student. For instance, applying the same construction to a binary classification task
with fo(z) = f(x) = sign(z) lead to a mismatch between theory and experiments, as exemplified in Fig. 5
of the main for a logistic regression task on CIFAR10 gray-scale images. Interestingly, this is even the case
for binary classification with the square loss g(x,y) = %(x — y)2, in which the estimator 0 is the same as for

ridge regression. In other words, by simply changing the predictor f (z) = sign(z), we have a breakdown of
universality, as shown in Fig. 8.
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Figure 8: Classification error for binary classification task with the square loss on MNIST odd vs. even task and
A=0.01
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E.2 Binary classification on GAN generated data

For our purposes, a generative adversarial network (GAN) is a pre-trained neural network defining a map G
taking a Gaussian i.i.d. vector z ~ N(0,1) (a.k.a. the latent representation) into a realistic looking input image
x € RP. In both Figs. 3 and 5, we have used a deep convolutional GAN (dcGAN) [55] with the following
architecture

and which has been trained on the full CIFAR10 data set. It therefore takes a 100-dimensional latent vector and
returns a D = 32 x 32 x 3 = 3072 CIFAR10-looking image. The GAN was trained on the original CIFAR10
data set without data augmentation for 50 epochs. Both the discriminator and the generator were trained using
Adam, with Adam parameters 3; = 0.5 and B2 = 0.999. In practice, the advantage of working with a GAN is
that we have a generative process to sample as many independent data points as we need, both for the simulations
and for the estimation of the population covariances.

Learning the teacher:  As discussed in Sec. 3.3 of the main manuscript, to label the GAN generated CIFAR10-
looking images we learn a teacher feature map ¢, and weights 8y € RP. For the experiments shown in Figs. 3,
we have trained with a fully-connected neural network on the full CIFAR10 data set with the following squared
architecture:

Generator (
(main) : Sequential (
(0) : ConvTranspose2d (100, 512, kernel_size=(4, 4), stride=(1, 1), bias=False)

) : BatchNorm2d (512, eps=1le-05, momentum=0.1, affine=True, track_running_stats=True)

) : ReLU(inplace=True)

) ConvTranspose2d (512, 256, kernel_size=(4, 4), stride=(2, 2), padding=(1, 1),

bias=False)

(4) : BatchNorm2d (256, eps=1le-05, momentum=0.1, affine=True, track_running_stats=True)

(5) : RelLU(inplace=True)

(6) : ConvTranspose2d (256, 128, kernel_size=(4, 4), stride=(2, 2), padding=(1, 1),
bias=False)

(7) : BatchNorm2d (128, eps=le-05, momentum=0.1, affine=True, track_running_stats=True)

(8) : ReLU(inplace=True)

(9) : ConvTranspose2d (128, 64, kernel_size=(4, 4), stride=(2, 2), padding=(1, 1), bias
=False)

(10) : BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True, track_running_stats=True)
(11) : RelLU(inplace=True)

(12) ConvTranspose2d (64, 3, kernel_size=(1, 1), stride=(1, 1), bias=False)

(13) Tanh ()

)

The teacher feature map ¢; : R — RP was then taken to be the first 2-layers, and the teacher weights 8 the
weights of the last layer, where D = p = 32 x 32 x 3 = 3072. We used the same architecture for the experiment
in Fig. 5, but with D = p = 32 x 32 = 1024 on gray-scale CIFAR10 images. Both teachers were trained on the
odd-even discrimination task on CIFAR10 discussed above with the mean-squared error for 50 epochs, starting
from pyTorch’s default Kaiming initialisation [72] . Optimisation was performed using SGD with momentum
0.9 and weight decay 5 - 10~%. We started with a learning rate of 0.05, which decayed by a factor 0.1 after 25
and 40 epochs. The resulting trained teacher achieved a 78% classification accuracy on this task. See Fig. 9 for
an illustration of this pipeline.

Simulations:  The experiment shown in Fig. 3 follow a similar pipeline as the one described in Sec. E.1. The
student feature maps ' are obtained by removing the last layer of a trained a 3-layer student network with
architecture:

Sequential (
(0) : Linear (in_features=1024, out_features=2304, bias=False)
(1) : ReLU()
(2) : Linear (in_features=2304, out_features=2304, bias=False)
(3): ReLU()
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Figure 9: Illustration of the pipeline to generate synthetic realistic data. A dcGAN is first trained to generate
CIFAR10-looking images from i.i.d. Gaussian noise. Then, a teacher trained to classify real CIFAR10 images is
used to assign labels to the dcGAN generated images.

(4) : Linear (in_features=2304, out_features=1, bias=False)

)

Training was performed on a data set composed of n = 30000 independent samples drawn from the dcGAN
described above, with labels y* € {41, —1} assigned by the learned teacher y* = sign (uTBO), ut = ¢ ().
The network was trained for 300 epochs using Adam optimiser on the MSE loss and pyTorch’s default
Kaiming initialisation, and snapshops of the weights were extracted at epochs ¢t € {0,5,50,200}. Finally,
logistic regression was performed on the learned features v = () on fresh pair of dcGAN generated samples
and labels using the out-of-the-box LogisticRegression solver from Scikit—-learn. The points and
error bars in Fig. 3 were computed by averaging over 10 independent runs. The same pipeline was used for
Fig. 5, but for ¢o; = id and on dcGAN generated CIFAR10 gray-scale images.

Self-consistent equations:  As before, the self-consistent eqs. 2.17 require the population covariances
(©, ®,T) and the teacher weights 8y. For synthetic GAN data, the population covariances of the feature
maps (cpt, cpﬁ,) used in the simulations can be estimated as well as needed with a Monte Carlo sampling al-
gorithm. For the curves shown in Figs. 3 and 5, the covariances were estimated with n = 105 samples with a
precision of the order of 10~°. Together with the teacher weights 6 used to generate the labels, this provides
everything needed to compute the theoretical learning curves from the self-consistent equations.
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F Ridge regression with linear teachers

In this Appendix we discuss briefly random matrix theory, and consider heuristic reasons behind the validity of
our asymptotic result beyond Gaussian covariates (u, v) in the context of ridge regression, with linear teacher.
As is well known, the computation of the training and test MSE for ridge regression can be written as a random
matrix theory problem. We do not attempt a rigorous approach, but rather to motivate with simple arguments,
many of them actually well known, the observed universality and its limits.

First, let us remind the definition of the model and introduce some simplifications that arise in ridge regression
task. We have Gaussian covariates vectors u € RP and v € R%, with correlations matrices U, ) and P, from
which we draw n independent samples:

u d )\ [0}
M € RPT ~J\/<O, LPT QD ) (F.1)

We assume the existence of a linear teacher generating the labels y = U6, and recall the student performs ridge
regression on the data matrix V.

Note that since ridge regression can be performed in any basis, we might as well work in the basis where the
population covariance ¥ of the vector u is diagonal. Additionally, we shall use the fact that one can consider a
6y to be an i.i.d. Rademacher vector, i.e. a random vector of +1 without loss of generality. Indeed, the statistical
properties of the random variable u - 0y, for a generic 8, and of the random variable 1 - 6, with 8 a Rademacher
vector are identical provided a change in the (diagonal) covariance:

W1 (6),> 0 0
0 Us(00)0> ... 0
v = . 2bo)” - . (F2)
0 0 o UL(60),

The Gaussian model we consider can therefore be rewritten with a Rademacher vector 8 provided we change the
correlation matrix W (as well as the cross-correlation ®) accordingly.

We now come back on the problem. Given the vector y and the data V € R™*¢, the ridge estimator has the
following closed-form solutioon:

1 1
W = <anV + Ald> V'y = (Suw + Aly) S, 0 (E3)

where we have defined the empirical covariance matrices

1 1 1
Suu=-U'U, Suy=-U'V Sy =-V'V. (E4)

U E U E U E
Given this vector, one can now readily write the expected value of the training and test losses as follows:

1 .
gtrain. = IEU,V,G |:n|U0 - Vw (U7 V) ||%:|
1 1 1
=Euve {GTUTUB} +Euv {w (u,v)" VTVW(U,V)] — 2Ry [BTUTVVAV(U,V)}
n n n
—E[TrSy.] +E [Tr Sus (Sus + M)~ S (Su + Aa) ™ sm _9E [Tr Su (Suw + Alg) "' ST U}
(E.5)

and

1 .
5gen‘ = ]EU,V,u,V,e |:n||uT0 - VTW(U7 V)|%:|
1 1 1
= Euv.uve {HTuuTO} +Eyv [W(U, V) Tvv Tw(U, V)} — 2Fyv {HTuvTW(U, V)]
n n n

=Tt Syu+E [Tr Suw (Suw + Aa) ™ Sy (Sup + Alg) ' ST } _9E [Tr S (Sew + Alg) "1 ST }

u,v

(F.6)
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where we have denoted the population correlation matrices ¥ = %, ,,, ® = ¥, ,,, 2 = X, , for readability and a
direct comparison with their empirical counterpart. The traces appears by the left and right multiplication by the
random vector 6.

At this point, the entire problem has been mapped to a random matrix theory exercise: assuming data
are indeed Gaussian, one can use RMT to compute the six traces that appears in (F.5,F.6). Indeed, this is the
canonical approach used in most rigorous works for the ridge regression task in the teacher-student framework,
instance in [32, 12, 34, 33]. Remarkably, the replica (and the rigorous Gordon counterpart) allow to find the
same result without the explicit use of RMT.

We now discuss, heuristically, why these results are valid even though the distribution of [u, v] is not actually
Gaussian, and in some instances even for real data. Indeed, that both (Eirain., Sgen_) do not depend explicitly on
the distribution of the data, but —assuming some concentration (or self-averaging)— only on:

1. The spectrum of the population covariances Xy, 4, Yy, v 2v,v-
2. The spectrum of the empirical covariances Sy, Sy, vs Sv.v-
3. The expectation of the trace of products between empirical and population covariances.

We expect that asymptotically the prediction from the theory will thus be valid for much more generic distributions
[u, v] ~ Py v, provided they share the same population covariances 3y, 4, Xy, L, (Which we call ¥, &, Q).
To see this, we need to check how this change in distribution would affect points (1),(2) and (3). Fixing the
population covariances, the first bullet point (1) is automatically taken into account. Point (2) and (3) are,
however, less trivial: in order to have universality we need that a) the spectrum of the empirical covariances of
the non-Gaussian distribution to converge the one obtained with the Gaussian one; and b) the trace of products
between the empirical and the population covariances also to converge to the universal values computed from
Gaussians data.

These two last points have been investigated in RMT [74], and it is a classical result that such quantities
are universal and converge to the Gaussian-predicted values for many distribution, way beyond the Gaussian
assumption (in which case the spectral densities are known as the Wigner and Wishart model, or Marcenko-
Pastur distribution [75]): this powerful universality of RMT is at the origin of the applicability of the model
beyond Gaussian data. For instance, [00] showed that these assumptions are verified for any data generated
asu = 2111/ gw, assuming the components of the vector w are drawn i.i.d. from any distribution (with
some assumption on the larger moments). While this is still restrictive, stronger results can be shown, and
[59, 61, 76, 47] extended them (also loosening the independence assumption) for a very generic class of
distributions of correlated random vectors u.

Let us give a concrete example. For simplicity, consider the restricted case where u = v, i.e. the teacher acts
on the same space as the student. In this case, eqs. (F.5,F.6) simplify (this is essentially the analysis in [32]) to:

1 )
Euin. = B [ U8 — US(U)IE]
=Eue {19TUTU9} +Ey {1W(U)TUTUW(U)} — 2Ky {10TUTUVAV(U)}
n n n
—E[Tr 8]+ E [Tr S(S+ )1 S (S + Ag) ! ST] —9E [Tr S (S + AlLy) ! ST} (F7)
and
1 )
Eum = Evma | 170~ uTW(U)IE]
Lot 1 P S Lot 7.
=Eyue |—0'uu' 0| +Ey |[—=w(U) uu' w(U)| —2Ey |—0 uu w(U)
n n n

=Tt Syu+E [Tr S(S+ M) 2 (S + ALy " ST} —9E [Tr S (S + Aly) ! sT] (E8)
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In the expression of the training loss eq. (F.7), we see terms such as
A=E [ﬁ S (S + Ag) ™" ST} , (E.9)

depend only on the limiting distribution of eigenvalues of S € R?*?, This is a very well known problem when
the dimension d and the number of samples n are send to infinity with fixed ratio « = n/d, and the limiting
spectral density is known as the Marcenko-Pastur law. This is a very robust distribution that is valid way beyond
the Gaussian hypothesis [59, 61, 76, 47].

In the expression of the generalisation loss eq. (F.8), however, terms such as

B=E [Tr 2 (S + Aly) ! ST} . (E.10)

appears. These can be computed using classical RMT results on the concentration of the inverse of the
covariance [/7, 60]. The strongest result we are aware of for such problems is from the remarkable work of [47].
This universality of random matrix theory is thus at the origin of the surprisingly successful application of our
Gaussian theory to real data with arbitrary feature maps. Of course the discussion here is limited to the case
where u = v and a concrete mathematical statement would require the generalisation of these arguments to the
more generic case of egs.(F.5,F.6), which are closer to the work of [3]. We leave this discussion to future works.

A similar universality has been discussed for kernel methods in very recent works, but for the slightly
different setting in which data is drawn from a Mixture of Gaussians [34, 4&] (in which case there is no teacher,
the label depends on which Gaussian has been chosen). The universality observed here for ridge regression with
linear student, albeit different, is of a similar nature, and it would be interesting to discuss the link between these
two approaches.
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