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Résumé. — Nous étudions deux cas particuliers de variétés dirigées en milieu aléatoire. L’un
est le modéle & zéro dimension d’une particule dans un potentiel aléatoire, I’autre le cas limite ot
la variété est plongée dans un espace de dimension élevée. Nous utilisons la méthode introduite
récemment des variations gaussiennes dans I’espace & des répliques, avec brisure de la symétrie
des répliques, et nous la comparons i des résultats connus ainsi qu’a des simulations numériques
de ce modéle. En grande dimension (N — o0) la méthode variationnelle est exacte. Nous
calculons un des diagrammes qui contribuent aux corrections en 1/N.

Abstract. — We discuss two special cases of directed manifolds in random media. One is the
zero dimensional ”toy” model of one particle in a random potential, the other is the limit where
the manifold is embedded in a space of large dimensionality. We use the recently introduced
Gaussian variational approach in replica space, with replica symmetry breaking, and compare it
to known results and simulations of the toy model. In large dimensions (N — o0) the variational
approach is exact. We compute one of the diagrams contributing to the O(1/N) correction.

1. Introduction.

In the presence of quenched disorder, equilibrium statistical mechanics — or field theories —
present some interesting new phenomena which are not easy to study analytically. Systems
like polymers or manifolds in random media, the random field Ising model etc.., present many
metastable states which cannot be handled by standard perturbation theory. Last year there
had been proposed a combination of the replica approach with a variational method of the
Hartree Fock type, in order to study such systems [1]. The existence of the many metastable
states is then taken care of by a spontaneous breakdown of replica symmetry (r.s.b.).
Recently this method has been extended to the study of the flux line lattice in high T,
superconductors [2, 3], and to the random field Ising model in the bulk [4]. In this paper we
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apply it to two extreme cases of the random manifold problem: the zero dimensional case of
one particle in a random potential, which is a toy model of disordered systems, on which the
general approach is tested and compared to standard approaches. The other case is that of a
manifold in a space of infinite dimension (N — oc0). In this limit the approach of [1] is exact,
and gives back the Flory like exponent for the wandering of the manifold. We carry here the
first step of an expansion to order 1/N, by an explicit computation of the simplest O(1/N)
diagram of the self energy. Although this correction looks divergent at first sight, we will show
how a special cancellation due to some "replica identities” make this correction finite. The
road towards an estimate of the O(1/N) corrections to the Flory exponent is then outlined.

The next section is devoted to the zero dimensional "toy model” and section 3 presents
the computation of the simplest self energy diagramm to order 1/N. Short conclusions are
contained in section 4.

2. The toy model.

We study the problem of a classical particle which moves in a one dimensional space and
feels a potential which is the sum of a harmonic term and a random term. We concentrate
on the static equilibrium properties (some aspects of the dynamics of such a particle in the
presence of an external force are reviewed in [5)). Denoting by w the position of the particle,
the Hamiltonian is:

H= %wz +V(w). (1)
V is a random potential with a Gaussian distribution characterized by its first two moments:
V) =0 V)V = _2_69__7)@ — W) LW = fw—w) (2)

(Actually the average free energy depends trivially on W, as can be seen by subtracting from V
a sample dependent uniform Gaussian random potential U(w) = U, with U=0and UZ=W.
In the following we keep to W = 0).

This problem is nothing but a very simple case of the general problem of a D dimensional
manifold in a N+ D dimensional space which was studied in [1], where here we have D = 0 and
N = 1. The slightly more general case of a particle in a N dimensional space can be studied
similarly, but here we want to keep to the simplest non trivial case N = 1. Always for the
sake of simplicity we keep to the case where the correlations of the potential are long range,
v < 1. This problem has already been introduced and studied [6, 12] in the case y = 1/2. This
case, which corresponds to a Brownian random potential, is also of particular interest since
it describes the asymptotic behaviour of a directed polymer in a random potential in 1 + 1
dimensions [11]. Hereafter we shall compare the results of the Gaussian variational Ansatz
with r.s.b. to some ”exact” results on this simple problem. We first rederive some analytic
results using scaling analysis, and then we state the form of the results of [1] in this case and
compare. The physical meaning of r.s.b is discussed in subsection 2.4. In a fourth subsection
we compare the variational r.s.b. results to some numerical simulations.

2.1 SCALING RELATIONS, EXACT RESULTS. — Let = be the average over the quenched random
potential of the logarithm of the partition function at temperature T = 1/3:

E= Log/dw e Bluw?/2+V (W), (3)
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We study the system for one fixed value of the exponent 4 characterizing the correlations
of the disorder. A priori, = is a function of the three variables 8, ;¢ and g. For any positive
numbers A, M, one can easily see that it satisfies:

E(B,p1,9) =E (g A, A2y) : 4)
= == B oonr-1,) = l g
=(8,1,9) = (8, £, () 'g) — 5Log(X). (5)
These equations show that:
— 1
where & depends only on the reduced temperature ¢ defined as:
1 ’—‘—1< 1-2,(8/2 — 7))
t=— 215y , 7
5" —Ta) ¢ (M)

(the v dependent constant has been chosen in such a way as to simplify the formulae below).
This shows in particular that the low temperature limit (8 — o0) is equivalent to the limit
where the quadratic part of the potential vanishes (4 — 0) and to the strong disorder limit
(g — o0). As for the correlation functions, they scale as:

<wkr > <wk > =(Fp )' = Cryk(t) (8)

These scaling relations allow for simple derivations of some well known results. Let us
consider the quantity < w? >, at low temperatures. For ¥ = 1/2 it has been shown exactly [12]
that < w? > ~p00 (/0 2)2/3, 3 a result which can also be derived from an Imry Ma argument
[13]. To derive thls we start from equation (8) and notice that, for fixed p and g, and 8 — oo,
< w? > must be finite (neither zero nor divergent). Therefore Ca(t) ~;_.q const t~! This gives
the desired result:

<w >~ JERRN 9)
_ﬁ—pm [+ #2

The same reasoning shows that < w2 > scales as (g/p?)?/(!117). The disconnected correla-
tion functions also have similar scaling behaviours (for instance < w >2 scales as (g/p2)/(1+7),
But the connected correlation functions behave differently:

1 3
<w2>—<w>2=ﬁ—” , <(w—<w>)4>=W,etc... (10)

These identities have been derived in a more general case in [12]. Let us briefly reproduce
the proof in the present simple model. One considers the modified Hamiltonian H(w) =
H(w)— A/B. In the partition function the shift w — w + A/(Bp) leads to:

TogZ[N] = LegZA = 0] + %, (11)

provided that the distribution of the random potential is translationally invariant, which is the
case here. Equations (10) follow from differentiating (11) with respect to A.

While equations (10) are certainly correct, one should keep in mind that they compute
averaged (over the distribution of the samples) quantities, which are not necessarily typical
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ones. For instance defining the susceptibility for one sample: ¥ = < w? > — < w >2, we
shall see that ¥ is quite different from the typical x of one given sample, a situation which is
analogous with what has been found in directed polymers |11, 14].

2.2 PERTURBATIVE APPROACH. — As simple as they may look, it is not trivial to obtain the
scaling relations (8) using usual field theory methods, in contrast with the equations (10) for
the connected correlations. For instance it has been shown that perturbation theory [8, 7] or
iteration methods [9] fail at low temperatures because they are unable to take into account the
many metastable states of the system.

The failure of perturbation theory has been proven by Villain [7]. One can either expand the
random potential in power series of w, or use the replica approach and carry a perturbation
expansion on the replicated system. Let us briefly describe the content of this second approach.
The average of the replicated partition function is:

n
7=/Hdwaexp ——'B—
a=1

where the function f is the correlation function of the potential given in (2). One can think of
two types of expansions. The first one is to expand Z™ in powers of f, which is basically a high
temperature expansion. In the present situation where there is no phase transition, this seems
safe. The second type of expansion is the one which is used in the field theory studies of higher
dimensional systems. It amounts to expand f in series, to keep the quadratic term (w, —wp)?,
and to treat all the higher order terms in perturbative series [10]. Villain has shown that, in
the limit of temperature going to zero, the correlation is < w? > = 2f/(0)/p? to all orders in
perturbation. This is clearly a wrong result which violates the exact scaling results derived
above. Therefore usual perturbation theory fails, and it is easy to trace back the reason of this
failure to the existence of many metastable positions at low temperatures.

%—E;f(wa ~ws) ] . (12)

a=1

2.3 VARIATIONAL METHOD IN REPLICA SPACE. — We shall not reproduce here in all details
the computation using a Gaussian function with r.s.b., since there are special cases of those
performed in [1]. We shall just sketch the method and give the results. The method of [1]
consists in using a variational method with the following trial hamiltonian:

1
Ha = % E wf - 5 E TapWap (13)
a a,b

where the ¢ parameters are to be determined by the stationarity condition of the variational
free energy. These conditions read:

g F(3/2 7) (1/2)‘)' 1 (Gaa + be - 2Gab )—1 ’ (14)

T = P9 TT(/2) B
Ogg = — Z Tap, (15)
K(Fa)
Gas = [( — ) as (16)

The replica symmetric solution of these equations is:

oab =0 (a#b)  Gap =646+ (1 —6u)G, (17)



N°12 MANIFOLDS IN RANDOM MEDIA: TWO EXTREME CASES 2235
with:

G-G=-,G=", o= pl+17g2"" (18)

<wl>=—== ﬁ—lp- (1 + %t‘("“)) : (19)

(the connected correlation function satisfies (10) as it should). This result is physically in-
correct: for fixed p and g, one finds that the correlation function < w >2 diverges at low
temperatures, which is impossible.

As was shown in [1], the replica symmetry is spontaneously broken in this approximation,
at low enough temperatures. Using the hierarchical r.s.b. Ansatz [15], the matrix 4, becomes
a function of a continuous parameter u € [0,1]. From [1] one sees that this function has two
very different behaviours depending on whether ¢ is above or below a “critical temperature”
tc = 1. For t > 1, the replica symmetric solution is valid and ¢ is a constant. For ¢ < 1 the
function o(u) is no longer constant. The result is then:

st_la u < Uy,
1
o= A _*_-77 u‘i};, uy < u < ug, (20)
1 Ity
A ;77 ul = st-ﬁ“i, us < u,
where:
1
A:ut"%, ulz}—%t, uzz% (21)

For this solution the two point correlation function is equal to:
1 1
o (1 + —t‘<7+1)> , t>1,
2 S — v
<ws>= 1 1+ 7t—1

Bu v

(22)
1< 1.

This result is certainly more sensible. We shall discuss it hence, and compare it to nu-

merical simulations in section 2.5. For simplicity one may choose for instance ¢ = 1 and
r'(1/2 . .

g= F(3L/2/_):y—)227_1 /7, so that ¢ is the usual temperature: ¢ = 1/8. Then the r.s.b. solution

predicts the behaviour:

PPEES v’
<w?>= 1 (23)
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2.4 PHYSICAL DISCUSSION. — As we have seen above, the variational method predicts a
phase transition in this system at a critical temperature t. = 1. This phase transition is clearly
unphysical in a system with only one degree of freedom. It is therefore an artefact of the
variational method, but in a sense this is a clever artefact. The reason can be traced back to
the physical interpretation of the quadratic trial hamiltonian (13) which has been worked out
in [1]. This trial hamiltonian corresponds to a certain choice of the probability distribution of
w.
For the case of a replica symmetric solution this probability is built as follows:

- to each sample is associated an average position of the particle, wq, which is a random number
drawn with the Gaussian distribution

_ 1 _ Wb .
Plwo) = \/imexp( 2G/ﬁ)’ (24)

- the thermal fluctuations of the particle position for one given sample are also Gaussian:

2
p(w) = _____:1__.____exp (_M_)
\/27(C - G)/B AG-G)/B
where G and G are given in (18). This is clearly a simple minded distribution which is unable
to take into account the many metastable states at low temperatures.

The r.s.b. solution corresponds to a much more complicated distribution as described in [1].
In a nutshell, at one step the breaking of the Gaussian p(w) is subdivided into a superposition
of Gaussians, with centers which are scattered (again with a Gaussian distribution) around
wg, and varying relative weights. At each new breaking the previous Gaussians are subdivided
into superpositions of subgaussians, and the final distribution is the continuum limit of this
hieriarchical breaking process. This is able to represent some quite complicated distribution
with many metastable states.

A critical discussion of the meaning of the Gaussian variational r.s.b. solution in terms of
the probability distribution of the particle’s position has been done in [16]. To summarize it
briefly, let us mention two facts:

- The fact that this variational approach finds a fake phase transition is not a surprise: a simple
case of this phenomenon can be found in a double well potential of the type V(w) = —aw? +w?.
If one performs a variational analysis based on the quadratic Hamiltonian H, = (w—wg)?/(24),
there is a ”phase transition” at a = a.: For a < a. the best solution is wg = 0, while for a > a.
it is wp = xw*(a). (The true solution should have a symmetric double peak structure, but this
requires including the tunneling states between the two minima. For large a the variational
solution gives, nevertheless, a rather good description of the system).

- The problem can be rephrased as that of finding the best functional probability distribution
(over the choices of samples) of the probability distribution which describes the thermal fluc-
tuations of the particle’s position in one sample [16]. The variational Gaussian r.s.b. method
provides a large class of such functionals, which is able to encode some ”shaky” distributions
characteristic of a problem with many metastable states.

Though the Gausssian variational r.s.b. solution of the previous section is still a rather crude
approximation, it possesses some very interesting properties which are not so easy to obtain in
this problem. The solution has the correct scaling form Ca(t) ~;_0 ¢t~ ! at low temperatures,
which ensures that the scaling behaviours (9) and (10) are correct. This is not trivial, since for
instance the scaling (10) of the connected correlations (which govern the thermal fluctuations)
is dominated by rare samples [11, 14]. This behaviour is reproduced here correctly as can be
shown for instance by computing (< w? > — <w >2)* [1].

(25)
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Fig.1. — Plot of the particle’s position < w? > versus the reduced temperature t. The points are

the results of the numerical simulation. The full lines are the replica symmetric (r.s.) and replica
symmetry breaking (r.s.b.) Gaussian variational solutions. They coincide above ¢ = 1. Below t =1
the r.s. solution gives only nonsense, while the r.s.b. one approximates the gradual freezing by a phase
transition. The exponent ¥ which caracterizes the correlations of the potential is 0.5 for the left curve
and 0.75 for the right carve.

2.5 NUMERICAL SIMULATIONS. — We have performed some numerical simulations in order
T3/ = (§512/ E)7) 227=1/y. We discretize a
suitable interval of the w axis ( of length ~ 20//8) with typically of order N = 4000 points
and compute then < w? > exactly. The most extensive simulations, involving averaging over
25000 to 50000 samples, were done at ¥ = 1/2 and ¥ = .75. The correlated potential is
generated as follows: We generate Vj, ..., Vv together with V_y,.. V_; where V_; = V;. This
even and periodic function is obtained by fast Fourier transform from the Fourier components
Vi. The V} are independent random variables of width a;. The a; are chosen in such a way as
to reproduce the correlations (2) exactly for the variables V5,.. , Vn. An alternative solution

for the case ¥ = 1/2 is to generate V; = ¢ (Zj-___o h; — ;v=i hj), where h; are identically

distributed random variables with a flat distribution. The results for < w? > are shown in
figure 1, together with the prediction of the replica symmetric (r.s.) and r.s.b. Gaussian
variational solutions. The r.s. and r.s.b. solutions coincide at high temperature and give the
correct result. Actually we have checked that the high temperature expansion coincides with
the r.s.b. solution at high ¢, with corrections of order t(~1=2Y), The r.s. solution is totally
wrong at low temperatures, as we already noticed. The r.s.b. solution is relatively good. It fails
to describe the smooth freezing below ¢t = 1/8 = 1 but approximates it by a phase transition.

to test the prediction (23). We choose p = 1 and ¢ =
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3. The limit of large dimensions.

The general problem of a D dimensional directed manifold in a N + D dimensional space,
subjected to a random potential, is described by the Hamiltonian:

Hw] = %/d:c i:;l (gf:)z +/dx V(z,w(z)), (26)

where w is a N dimensional vector and z is D dimensional. The replica Gaussian variational
method applied to this problem is exact when the space dimension N goes to infinity (at D
and v fixed) [1]. The hierarchical r.s.b. Ansatz [15] then gives for the wandering exponent:

< ([@(@) = W(0)2 > ~jz|msco || TF. (27)

It would be particularly interesting to compute the corrections to this exponent to order
1/N. This should be possible using the usual methods of 1/N expansion (see for instance
[18, 17]) for the replicated theory. The road is somewhat complicated by the fact that the
zeroth order approximation has a spontaneous r.s.b.. Here we shall do only the first step in
this direction, which is the computation of the simplest O(1/N) correction to the self energy.
As in the usual case, this does not change the exponent and one needs to resum first of all
the O(1/N) diagrams in order to get the logarithmic changes in the self energy which can be
interpreted as a change of the wandering exponent to order 1/N.

Let us start from the large N formulation of [1]. From (26) one gets a replicated Hamiltonian
which describes a system of n interacting manifolds (n the end n goes to 0). For large N it is
convenient to introduce auxiliary fields:

1
rap() = ﬁwa(z).wb(:c) (a <b), (28)
together with the Lagrange multipliers sqp(2) which implement these constraints. This gives:

77 = [ ] @raldsa) ¥, (29)

a<b
with:

2
Glr,s] = —g Xb: / dz sa(2)ras(z) — %- / dxzb F(raa(®) + ron(z) — 2res()) + S[s], (30)

eShsl — ‘/d[wl].‘ d[wys] exp (—g g/dx wa(T) ((—V2 + p)bap — sab(z)) wb(:x:)) . (31)

The infinite N limit is worked out by solving the stationarity equations for G[r, s], which is
equivalent to using the variational method based on a Gaussian distribution. To go beyond,
one expands r and s around the saddle point: rgp = 757 + 67gp, S5 = 555 + 654p and expands
G to second order in 8r,8s. As explained in the Appendix I of [1], one can integrate easily
over the fields 8743 (a < b) and 8s,4,. After some work one finds the full order 1/N correction to
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N
N

Fig.2. — The self energy diagram computed in the appendix.

the self energy:

55a(g) = 57 / Gy Kecs(+) (GLulp) = Goulp) ~ G(P) +Gu(m) (32
c(;ea)d(;eb)

where G%,(p) = [(p? — £) " Yas is the infinite N propagator computed in [1]. K. a(p) is 2
n(n—1)/2 x n(n — 1)/2 matrix defined for all pairs of different replica indices. K is the inverse
of the matrix:

- 8(ac), g [ dP
Kila(h) = V228 - N [ 2o (620 + GLila) - G(0) - L),

(Gas(g + k) + Goala + k) — Goy(g + k) — Ghla + k), (33)
with:

D
bav = 917"( | 75 (G2a() + Ghl@) ~ 26%(@) | (34

A full computation of the order (1/N) corrections requires the inversion of K~! This is a
complicated problem, which can probably be attacked using the methods developed in [19],
but we shall leave this computation for future work. Here we make a simpler attempt by
computing the diagram of figure 2. Its value is obtained by expanding K to second order in g.
The corresponding contribution to the self energy will be called Sgs(g). It is given by:

1 dPk; dPky, dPks
Sa(9) = > hachu @nP @n)P (2x)P 6(21: — ¢)Babca(k1)Babed(k2) Babed(ks),
e(#a)a(#b) )

35

where:

Basea(k) = GRy(k) + Go4(k) — Goa(k) — G (k). (36)

One must evaluate Sgp(g) using the infinite N propagator of [1]. In the limit n — 0 the
pair of replica indices is turned into a continuous variable u© and the propagator becomes a
function G°(k,u). The infinite N self energy is a function £(u) which scales at small u like
E(u) ~ u(?/x=1) where x is the exponent which governs the free energy fluctuations. The results
of the detailed analysis of the long distance correlations performed in [1] can be recovered by
simple scaling arguments. These amount to saying that the large distance limit of the physical
propagator is dominated by the small u, small k limit of G(k,u), and that u should be scaled
as £X in this limit. Such a simple scaling analysis gives for S(k) a behaviour in

S(k) ~po k2 PI2DE=3C+0) (37)
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In this formula, the first term comes from the factors hg hpq (using the scaling laws of [1]);
the second term comes from the integrals over k; and the é function, and the last term comes
from the B factors. Altogether this leads to:

S(k) ~p—o K273, (38)

which is more singular than the infinite N contribution: S(k) ~ X(k)k~2X. This simple scaling
argument would mean that this single O(1/N) diagram changes the infinite N exponents.
However this turns out to be wrong. As can be seen in the full computation of S described in
the appendix, there is an extra cancellation among various terms in the sums over the replica
indices ¢ and d, in equation (35). In fact the final scaling of S(k) can still be deduced from
a simple scaling analysis of (35), but using the fact that the sums over the two extra replica
indices ¢,d basically correspond to two extra integrations over internal "u” type variables,
which provide a new factor of k%X needed to have S scale in the same way as I.

This is a particularly miraculous cancellation if one considers the fact that several contribu-
tions to (35) , like the term ¢ = b,d = a do not involve any integral over internal variables, and
diverge individually like (38). It seems that such cancellations are frequent in the computation
of loop diagrams in theories with replica symmetry breaking [20]. It would be very interesting
to understand their origin. The final result for S corresponds to the usual behaviour of the
1/N correction of the critical exponents: In the usual ($?)? theory this single diagram does
not change the exponent, but one needs first to resum all the bubble diagrams in order to get
the corrections to order 1/N to the exponent. This could well be also the case here.
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Appendix.

We compute the self energy Sgi(g) defined in (35). In the sum over replica indices ¢ and d,
one must distinguish several cases depending on which indices are equal. We write

Sula) = 5 D Sia(@) (A1)
i=1

where S! is the term d = a,¢ = b, S? is the term d = ¢, S is the term d = a,¢c # b, §% is the
term d # a,c = b, S% is the term where all the four replica indices are distinct. Introducing
dPk; APk, dPks o

gib = Gga(ki) - ng(ki) and d(k) = (27r)1) (2,”)1_) (27[,)1) 6(; ki — Q)) we find

536(’1) = -8h¢2zb /d(k)ggbggb!ﬁb

]
SH@) =D hachs / d(k)(gac + 9be — 9a)(95e + G5 — 92 )95 + 95c — 93)

abe

’
Se4(@) = hachsc [ A(k)(ahe ~ gy — abe)ake — o2 — 92)(e — g% — 92)

abe

San(a) = Siala)
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¢
Sas(e) = Z hachsa / A(k)(93a+ 5 —9as—90a) 924+ Gb.— 92— 920) 954+ 95— 93 —924) (A2)
abed

where the ' means that all the indices are distinct. In the limit n — 0 the n x n matrices
become functions of the internal parameter defined on the interval [0,1]. In terms of the
functions h and g* the above expressions read (denoting by u the internal parameter associated
with the pair of indices (ab) 0:

St = —8h(u)?g" (u)g*(u)g®(u)
5% = ~20(w) [ d h() ) W570) = hwug’ (W) (e )
- / " dv h(w) (291 () - ¢ () 202 () — P (W)2(0) — (W)
5454 =200 [ a0 B OPOPE) +20(0) [ aun)e* e’ (W
+2h(0)%ug" (D (0)g%(0) + 200" [ du(28* () = 5* (257 = *(20°(0) = 70D
5 =2 [ av [ awn(ho)s' @) - o )6 (@) - @) w) 5w
+4 [ a0 [ Qw@h)(e @) o )0 (w) - @) - £
+ [ av [ aunu2(60) 490 -2 ()G 0) 570~ 20 @)a W) + ()~ 2°()
42 [ dw [ doh(h)(0" (@) - ¢ @)(6@) - °) (@) ~ °(@)
+2un(e)? [ ') =g @G*(0) = 2 @)E0) ~ )
+ [ doh(ua () - 8 )00 - PNEE) - £°w)
+ [ [ dwho) (@0 0) =" (=" (@)(20%(0) - (0) (@2 (0)=5°(0) = 5°(w)
+u [ Q@6 - PO ~ P ONEW - () (A3)

where the various contributions to each S§* come from the various way of organizing the replica
indices on an ultrametric tree. Adding up all these contributions, one finds the result announced
in the text about the scaling of S at small u and small ¢. For instance the only term involving
no integral over internal indices is:

1
56,03 37 [ dABH-1)5' W (W w) (A%)
The various terms containing h(u)?u®g!(u)g?(v)g3(u) with @ = 0 or @ = 1, in the above

expressions for S¢, cancel, leaving only the term o = 2 in the final sum. Similar cancellations
occur in all the other dangerous terms.
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